ISSN 1556-6706 








IA MAGI 
; oi yN 








An international journal 


Edited by Department of Mathematics 
Northwest University, P.R.China 


| [Sith Tr) Ti iit Lee eee es OOOO OSS 


Vol. 4, No. 2, 2008 ISSN 1556-6706 


SCIENTIA MAGNA 


An international journal 


Edited by 


Department of Mathematics 
Northwest University 
Xi’an, Shaanxi, P.R.China 


Scientia Magna is published annually in 400-500 pages per volume and 1,000 copies. 
It is also available in microfilm format and can be ordered (online too) from: 


Books on Demand 
ProQuest Information & Learning 
300 North Zeeb Road 
P.O. Box 1346 
Ann Arbor, Michigan 48106-1346, USA 
Tel.: 1-800-521-0600 (Customer Service) 
URL: http://wwwlib.umi.com/bod/ 





Scientia Magna is a referred journal: reviewed, indexed, cited by the following 
journals: "Zentralblatt Fiir Mathematik" (Germany), "Referativnyi Zhurnal" and 
"Matematika" (Academia Nauk, Russia), "Mathematical Reviews" (USA), "Computing 
Review" (USA), Institute for Scientific Information (PA, USA), "Library of Congress 
Subject Headings" (USA). 


Printed in the United States of America 
Price: US$ 69.95 


Information for Authors 


Papers in electronic form are accepted. They can be e-mailed in Microsoft 
Word XP (or lower), WordPerfect 7.0 (or lower), LaTeX and PDF 6.0 or lower. 

The submitted manuscripts may be in the format of remarks, conjectures, 
solved/unsolved or open new proposed problems, notes, articles, miscellaneous, etc. 
They must be original work and camera ready [typewritten/computerized, format: 
8.5 x 11 inches (21,6 x 28 cm)]. They are not returned, hence we advise the authors 
to keep a copy. 

The title of the paper should be writing with capital letters. The author's 
name has to apply in the middle of the line, near the title. References should be 
mentioned in the text by a number in square brackets and should be listed 
alphabetically. Current address followed by e-mail address should apply at the end 
of the paper, after the references. 

The paper should have at the beginning an abstract, followed by the keywords. 


All manuscripts are subject to anonymous review by three independent 
reviewers. 


Every letter will be answered. 
Each author will receive a free copy of the journal. 


qi 


Contributing to Scientia Magna 


Authors of papers in science (mathematics, physics, philosophy, psychology, 
sociology, linguistics) should submit manuscripts, by email, to the 


Editor-in-Chief: 


Prof. Wenpeng Zhang 
Department of Mathematics 
Northwest University 

Xi’ an, Shaanxi, P.R.China 
E-mail: wpzhang @nwu.edu.cn 





Or anyone of the members of 
Editorial Board: 


Dr. W. B. Vasantha Kandasamy, Department of Mathematics, Indian Institute of 
Technology, IIT Madras, Chennai - 600 036, Tamil Nadu, India. 


Dr. Larissa Borissova and Dmitri Rabounski, Sirenevi boulevard 69-1-65, Moscow 
105484, Russia. 


Dr. Huaning Liu, Department of Mathematics, Northwest University, Xi’ an, 
Shaanxi, P.R.China. E-mail: hnliu @nwu.edu.cn 





Prof. Yuan Yi, Research Center for Basic Science, Xi’an Jiaotong University, 
Xian, Shaanxi, P.R.China. 
E-mail: yuanyi@ mail.xjtu.edu.cn 





Dr. Zhefeng Xu, Department of Mathematics, Northwest University, X1’an, 
Shaanxi, P.R.China. E-mail: zfxu@nwu.edu.cn; zhefengxu@hotmail.com 


Dr. Tianping Zhang, College of Mathematics and Information Science, Shaanxi 
Normal University, Xi’an, Shaanxi, P.R.China. 


E-mail: tpzhang @snnu.edu.cn 


Dr. Yanrong Xue, Department of Mathematics, Northwest University, Xi’an, 
Shaanxi, P.R.China. E-mail: xueyanrong1203 @163.com 


iii 


Contents 


W. Zhang and L. Li: Two problems related to the Smarandache function 

Y. Guo: On the additive k-power complements 

X. Zhang, etc : The generalization of sequence of numbers with alternate 
common differences 

W. Xiong : An equation related to the Smarandache function and its positive 
integer solutions 

H. Zhou : On right C-rpp semigroups 

B. Cheng : On the pseudo Smarandache square-free function 

J. Wang : On the Smarandache function and the Fermat number 

W. Duan and Y. Xue: The solvability of an equation involving the 
Number Theory functions 

M. Liang, etc : The generalized Hermitian Procrustes problem and 
its approximation 

S. Yilmaz and M. Turgut : On Frenet apparatus of partially null curves 
in semi-euclidean space 

H. Luo and G. Liu: An identity involving Nérlund numbers and 
Stirling numbers of the first kind 

S. Ren and W. He : The study of o—index on Q(Sx, Cs,,Cs,,°-+,Cs,) 
graphs 

F. Li: A new critical method for twin primes 

N. Dung : No-spaces and mssc-images of relatively compact metric spaces 

J. Sandor : On two conjectures by K. Kashihara on prime numbers 

A. A. Majumdar : Some properties of the lattice cubic 

L. Yan, etc. : Eigenvalue problems and inverse problems on SC matrices 

A. A. Majumdar : On some Smarandache determinant sequences 

X. Ren and X. Wang : Congruences on Clifford quasi-regular semigroups 

A. A. Majumdar : Sequences of numbers in generalized arithmetic and 
geometric progressions 

B. Ahmad, etc. : Properties of bi y-operations on topological spaces 

J. Zhang and P. Zhang : Some notes on the paper “The mean value of a new 


arithmetical function” 


iv 


12 
15 
21 
25 


29 


34 


39 


45 


49 
56 
59 
65 
68 
79 
80 
96 


101 
112 


119 


L. Li : On the Smarandache multiplicative sequence 122 


Scientia Magna 
Vol. 4 (2008), No. 2, 1-3 


Two problems related to the 
Smarandache function 


Wenpeng Zhang! and Ling Lit # 


{+ Department of Mathematics, Northwest University, Xi’an, Shaanxi, P.R.China 
t Basic Department, Shaanxi Polytechnic Institute, Xiamyang, Shaanxi, P.R.China 


Abstract For any positive integer n, the famous pseudo Smarandache function Z(n) 
1 
is defined as the smallest positive integer m such that n uke) That is, Z(n) = 


na n €N}. The Smarandache reciprocal function S.(n) is defined as 


mingm: n| 
S-(n) = max{m: y|n! for alll <y<m, and m+1fn!}. That is, S.(n) is the largest 
positive integer m such that y | n! for all integers 1 < y < _m. The main purpose of this paper 
is to study the solvability of some equations involving the pseudo Smarandache function Z(n) 


and the Smarandache reciprocal function S.(n), and propose some interesting conjectures. 


Keywords The pseudo Smarandache function, the Smarandache reciprocal function, the d- 


ual function, equation, positive integer solutions, conjecture. 


81. Introduction and results 


For any positive integer n, the famous pseudo Smarandache function Z(n) is defined as 


1 
the smallest positive integer m such that n pol That is, 


1 
Z(n) = min fm: n mine ne nt, 
m(m + 1) 
2 
denotes the set of all positive integers. From the definition of Z(n) we can find that the first 


few values of Z(n) are: Z(1) = 1, Z(2) = 3, Z(3) = 2, 7(4) =7, Z(5) = 4, Z7(6) = 3, Z(7) =6, 
Z(8) = 15, Z(9) = 8, Z(10) = 4, Z(11) = 10, Z(12) = 8, Z(13) = 12, Z(14) = 7, Z(15) =5, 
Z(16) = 31, ------ . About the elementary properties of Z(n), many authors had studied it, 


Its dual function Z*(n) is defined as Z*(n) = max fm: |n, méN >, where N 


and obtained some interesting results, see references [1], [2], [3], [4], [5] and [6]. For example, 
the first author [6] studied the solvability of the equations: 


Z(n)=S(n) and Z(n)+1= S(n), 


and obtained their all positive integer solutions, where S(n) is the Smarandache function. 
On the other hand, in reference [7], A.Murthy introduced another function S,(n), which 
called the Smarandache reciprocal function. It is defined as the largest positive integer m such 


2 Wenpeng Zhang and Ling Li No. 2 





that y | n! for all integers 1 < y < m. That is, S.(n) = max{m: y|n! foralll <y< 
m, and m+1yn!}. For example, the first few values of S.(m) are: 


S.(1) =1, S(2)=2, S.(3)=3, S-(4)=4, $5) =6, S.(6) =6, S.(7) = 10, 
S,(8) = 10, $.(9) = 10, $,(10) = 10, S.(11) = 12, $,(12) =12, S.(13) = 16, 
S-(14) = 16, $5(15) = 16, S-(16) = 16, S.(17) =18, S-(18) =18, ------ , 


A.Murthy [7], Ding Liping [8] and Ren Zhibin [9] also studied the elementary properties of 
S-(n), and obtained some interesting conclusions, one of them is that if S.(n) = x and n ¥ 3, 
then «+ 1 is the smallest prime greater than n. 

The main purpose of this paper is to study the solvability of some equations related to the 
Smarandache function, and propose some interesting problems. That is, we have the following: 

Unsolved problem 1. Whether there exist infinite positive integers n such that the 


equation 
S-(n) + Z(n) = 2n. (1) 
Unsolved problem 2. Find all positive integer solutions of the equation 


S.(n) = Z*(n) +n. (2) 


§2. Some results on these unsolved problems 


In this section, we shall give some new progress on these unsolved problems. First for the 
problem 1, it is clear that n = 1 satisfy the equation (1). n = 3 does not satisfy the equation (1). 
If p> 5 and p® + 2 are two odd primes, then n = p® satisfy the equation (1). In fact this time, 
we have Z (p*) = p*—1, S. (p*) = p*+1. Therefore, S. (p%) + Z (p*) = p*+14+p%—1 = 2-p*. 
So n = p® satisfy the equation (1). For example, n = 1, 5, 11, 17, 29 and 41 are six solutions of 
the equation (1). We think that the equation (1) has infinite positive integer solutions. Even 
more, we have the following: 


Conjecture 1. For any positive integer n, the equation 
S-(n) + Z(n) = 2n 


holds if and only if n = 1, 3% and p?°+!, where a > 2 be any integer such that 3% +2 be a 
prime, p > 5 be any prime, 3 > 0 be any integer such that p?°+! + 2 be a prime. 

For the problem 2, it is clear that n = 3 does not satisfy the equation (2). If p > 5 
be a prime, n = p?°*! such that n+ 2 be a prime, then S.(n) = n +1, Z*(n) = 1, so 
S.(n) = Z*(n)+n. Therefore, n = p?°*! satisfy the equation (2). Besides these, whether there 
exist any other positive integer n satisfying the equation (2) is an open problem. We believe 
that the following conjecture is true. 


Conjecture 2. For any positive integer n, the equation 


S-(n) = Z*(n) +n 
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In our conjectures, if prime p > 5, then p?° + 2 can be divided by 3. So if p* +2 be a 
prime, then a must be an odd number. 

From our conjectures we also know that there exists close relationship between the solutions 
of the equations (1), (2) and the twin primes. So we think that the above unsolved problems 
are very interesting and important. 
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On the additive k-power complements 
Yanchun Guo 


Department of Mathematics, Xianyang Normal University, 
Xianyang, Shaanxi, P.R.China 


Abstract For any positive integer n, let by (n) denotes the additive k-power complements 
of n. That is, b, (n) denotes the smallest non-negative integer m such that n+ m is a perfect 
k-power. The main purpose of this paper is using the elementary method to study the mean 
value properties of 2 (n+ be (n)), and give a sharper asymptotic formula for it, where Q (n) 


denotes the number of all prime divisors of n. 


Keywords Additive k-power complements, function of prime divisors, asymptotic formula. 


81. Introduction and result 


For any positive integer n > 2, let az (n) denotes the k-power complement sequence. That 
is, ax (nm) denotes the smallest integer such that na, (n) is a perfect k-power. In problem 29 
of reference [1], Professor F. Smarandache asked us to study the properties of this sequence. 
About this problem, many people had studied it, and obtained a series results. For example, 
Yao Weili [2] studied the mean value properties of d(n- a, (n)), and proved that for any real 


number x > 1, we have the asymptotic formula 


So d(nay (n)) = 2 (Agia 2 + AyInt Ha 4-4 Ay aina + A,) +0 (28), 


n<u 


where d(n) is the Dirichlet divisor function, Ao, Ai, ---, Ax are computable constants, ¢€ 
denotes any fixed positive number. 

Similarly, we define the additive k-power complements as follows: for any positive inte- 
ger n, b;, (n) denotes the smallest non-negative integer such that n+ b; (n) is a perfect k-power. 
About the elementary properties of b; (n), some scholars have studied it, and got some useful 
results. For example, Xu Zhefeng [3] studied the mean value properties of b; (n) and d (bx (n)), 
and obtained two interesting asymptotic formulas. That is, for any real number x > 3, we have 
the asymptotic formulas 


So bk (n) = ot +0 (2?) ) 


n<ux 


So d (be (n)) = (1- ;) eine + (27 +mk-247)0+0(cr#ina), 


n<u 


where ¥y is the Euler constant. 
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In this paper, we use the elementary and analytic methods to study the mean value prop- 
erties of (n+ bx (n)), and give a sharper asymptotic formula for it, where 1. (n) denotes the 
number of all prime divisors of n, i.e., Q(n) = a1 +ag+---+a,, ifn = pf pS? ---pe be the 
factorization of n into prime powers. That is, we shall prove the following: 


Theorem. For any real number x > 2, we have the asymptotic formula 





x 
Q b = kazlnl t-k(A—lnk t 
» (n + bz (n)) z ln in x ( nk)« o(—), 


1 1 

where A= y+ S- (1m (1 - .) + —7) be a constant, S- denotes the summation over all 
Pp p = Pp 

primes, and ¥y be the Euler constant. 


§2. Proof of the theorem 


In this section, we shall complete the proof of our theorem. First we need a simple Lemma 
which we state as follows: 


Lemma. For any real number x > 1, we have the asymptotic 


S > 2 (n) =zInng + Av +0 (~~), 


n<x 


where A= y+ >> (In (1 - 1) + >), be the Euler constant. 
P 


Proof. See reference [4]. 
Now we use above Lemma to complete the proof of our theorem. For any real number x > 2, 
let M be a fixed positive integer such that 
M'<a2<(M+1)*. 


Then from the definition of M we have the estimate 


M=2* +O(1). (1) 


For any prime p and positive integer a, note that 0 (p%) = ap and 


k 
(w+ 1)¥=S°Ch- ak. 
1=0 
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Then from the definition of b, (n) and (1) we have 


YIA(n+b (rm) = YO S>  QA(ntbe(n))] + SS A(n + dx (n)) 

n<x 1<t<M-1 \tk<n<(t+1)* Menke 

- 5 ( > a@sn))+of Solan 

1<t<M-1 \tk<n<(t+1)* pe ee 

= > hk (Chet) + Cpth-? + --- 41) (t+ 1) +0 (2°Ft*) 

1<t<M-1 

“2 eenaesnso(e**) 
1<t<M-1 

=H yin 40 (e**), @) 
1<t<M 


where we have used the estimate Q(n) < n°. 
Let A(x) = S> Q(n), then by Able’s identity (see Theorem 4.2 of reference [5]) and the 


nxn 
above Lemma we can easily deduce that 


x oy =u aan fo ae (t*-1)' dt +0 (1) 


1<t<M 


M 
= k-1 | 
=M (arininat AM+0O (7) 


-[ («nine + At+O (=) (k—1)¢* 7dt + O(1) 




















ME M 
= MFinnM+AM*+0 | ((k—1)t*" nInt + (k —1) At*)dt 
In M 2 
= M*ininm + Amt — £=* (M*IninM + AM*) +0 els 
k In M 
oe re eer Mt 
= ;u InlnM + ZAM +0 (7) : (3) 
Note that 
(<2 MeO Pi MeO 4Cy tiger (4) 
and 
Ink +InInM <InIna <Ink+Inin(M+1) <Ink+ Inn M+0 (x-*) (5) 
From (3), (4) and (5) we have 
1 1 x 
k-1 Pa = = eu 
#10 = pemme+ F(A Ink)x+O(——). (6) 


1<t<M 


Combining (2) and (6) we may immediately deduce the asymptotic formula 


S~ Q(n+ de (n)) = ke nna + k(A- Ink) J o( “ )s 


Inz 





nkx 


This completes the proof of Theorem. 
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The generalization of sequence of numbers 
with alternate common differences 


Xiong Zhang, Yilin Zhang and Jianjie Ding 


Shaanxi Institute of education, Xi’an 710061, China 


Abstract In this paper, as generalizations of the number sequences with alternate common 
differences, two types of special sequence of numbers are discussed. One is the periodic 
sequences of numbers with two common differences; and the other is the periodic sequence of 
numbers with two common ratios. The formulus of the general term a, and the sum of the 


first n term S, are given respectively. 
Keywords Sequence of numbers with alternate common differences, periodic number sequ- 


ence with two common differences, periodic number sequence of numbers with two common 


ratios, general term @,,, the sum of the first n terms Sy. 


81. Introduction 


In the paper|1], we have the definition like this: A sequence of numbers {a,} is called a 
sequence of numbers with alternate common differences if the following conditions are satisfied: 

(i) Vk € N, don — G2p—1 = di; 

(ii) Vk © N, dop41 — Gox = dz here d,(d2) is called the first(the second)common difference 
of {ay}. 

We also give the formulas of the general term a,, and the sum of the first n terms S,. In 


this paper, we’ll discuss the generalization of sequence of numbers with alternate. 


§2. Periodic number sequence two common differences 


Definition 1.1. A sequence of numbers {a,} is called a periodic number sequence two 
common differences if the following conditions are satisfied: 

(i) Vk = 0,1,2,--- Qge+1, Okt+2, @ke+3,°** »@kepe iS a finite arithmetic progression with d, 
as the common difference,where ¢ is a constant natural numbers; 

(ii) Vk = 0,1, 2,---@ce4iyt4i = @(e41)t + de. 

We call the finite arithmetic progression “dgi41, Qxt+2,@ht43,'°* > Gere” the (k + 1)th 
period of {an} and “acey1)e,@(k41)t41 the (k+1)th interval of {a,}; di, is named the common 
difference inside the periods and dz is called the interval common difference, ¢t is called the 


, 
number sequence {a,,} s period. 
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In this section, {a,,} denotes a periodic sequence of numbers with two common differences 


d; and dp. It’s easy to get that{a,} has the following form: 


1,01 +d), a1 + 2d),-++ , a1 + (t —1)di3a1 + (¢ — 1) di + dp, a1 + td) + do, 
ay + (t+ 1)d, + do,--- >a, t (2t 2)dy t dz; a1 t (2t 2)dy } 2d2, a1 + (2t — 1)d + 2do, 
a, + 2td, + 2do,--- ,a1 + (3t — 3)d, + da,--- Z (1) 








Particularly, when t = 2,{a,} becomes a sequence of numbers with alternate common 
differences d, and dz; so the concept of a periodic number sequence with two common differences 
is a generalization of the concept of a number sequence with alternate common differences. 


Theorem 1.1. The formula of the general term of (1) is 


Om Ha +(—1 [Da Pare 





Proof. 


An = a, + (n —1)d + (do — di)k 
= air kdy + [(n = 1) = k]dy 


=a PS ] a+ en 1 [=]. 


t 








n—-1 
Here, & means the number of intervals, it can be proved easily that k = [| , 


Theorem 1.2. {a,,} is a periodic number sequence with two common differences d; and 


dg, the sum of the first n terms of {a,,}S,, is: 














Sp =na,4 _ Bie | [2] is ee | 
(FI (-)a+|F| da)(n [F t) + (a oe [2]#-0 is 


n 
Particularly, when t|n, suppose a k, then 


t(t—1 k(k-—1 
Sx = na, ED 52g AED 


Proof. Let Mi.) be the sum of the ¢ terms of the (k + 1)th period. 
Then 


t(t —1) 
2 


= tla, +(k — 1) de +((k —1t— (k—-1)) di] di 





Met) == €@e-1)t41 + dt 





2k 
= ta,+t(k—1)dot+ 





10 Xiong Zhang, Yilin Zhang and Jianjie Ding No. 2 








t(t —1) 
M(k+1,t) = tAgepi + 5 di 
= tla, +k do +(kt — k) di] 


2k+1 
t(t—1) dr. 





=ta,+tkda+ 


Hence M(x+41,t) — M(x,t) = t(t—1)di + td. Therefore, the new sequence {M x,t) } generated 


t(t—1 
( ) i) dmc Tidy Ue, So 


form {a,} is an arithmetic progression with Mio) = t@1+ 5 





the sum of the first [=| t terms of {a,}. 























Sia, = (tard a d1) [=| ED (( 1) di +t da) 
= [2] ea, ED Bie is =). 
Sa- Saye = Appeal ee (n ule [2]¢-1) . 
=(a+[*]@-1)a+ [7] @)m-[F] 04 (n- [4] clea 7 











wer Gat! Bee tl (HED, (2) (t—1) a4 eI Gi [| t) 
(n — [2] #)(n— [8] t-1) 





n 
Particularly, when t|n, suppose = k, then 


(t= 1) 2, RR=1) 


aa Me 5 


td2. 


§3. Periodic number sequence with two common ratios 


Definition 2.1. A sequence of numbers {a,,} is called a periodic number sequence with 
two common ratios if the following conditions are satisfied: 

(i) Vk = 0,1,2,--- G@ee41, Qkt+2, Qkt+3,°°* , Akt+e is a finite geometric progression with q 
as the common ratio, where ¢ is a constant natural number; 

(ii) VA = 0,1, 2,-+- ace4ayt4i = O(n +1)t92, Where gz is a constant natural number; 

We call the finite geometric progression “ape+1, @pe42; @ht+3,°'* > @nere” the (k + 1)th 
period of {an} and “ace+i)e,@(e+1jt41” the (k+1)th interval of {an}; q is named the common 
ratio inside the periods and q2 is called the interval common ratio, t is called the number 


/ 
sequence {a,,} s period. 
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In this section, {a,,} denotes a periodic sequence of numbers with two common ratios q 
and qo. It’s easy to get that {a,} has the following form: 
01,0191, 195° ** 410 3 192g, 1929), 019291", -*+ ,aigagt” *; (2) 
01930," 7, 01959)", 01934" aga 
The formula of the general term of (2) is 


@—1—[2=) fel 
Gn = a1! I Dl ) 
Let M(x,1) be the sum of the ¢ terms of the (k + 1)th period. Therefore, the new sequence 


{M(x1)} generated form {a,,} is an geometric progression with Mio) = ma C=”, 


So the sum of the first n terms of {ay}. 
Theorem 2.2. {a,,} is a periodic number sequence with two common ratios q, and qo, 
the sum of the first n terms of {a,,}5', is 


g - eet) a gltl alle a - arly 
" 1—% q,t-1 1-q ; 





n 
Particularly, when t|n, suppose — = k, then 


ay(1— %")(1 — (4% q*1)*) 
(1-%)(1-@%'1) 





Sn = 
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Abstract For any positive integer n, the famous F. Smarandache function S(n) is defined as 
the smallest positive integer m such that n | m!. That is, S(n) = min{fm: n|m!, n € N}. 
The Smarandache reciprocal function S.(n) is defined as S.(n) = max{m: y | n! for all 1 < 
y<m, and m+1yn!}. That is, S.(n) is the largest positive integer m such that y | n! for all 
integers 1 < y <_m. The main purpose of this paper is using the elementary method to study 
the solvability of an equation involving the Smarandache function S(n) and the Smarandache 
reciprocal function S.(n), and obtain its all positive integer solutions. 

Keywords The Smarandache function, the Smarandache reciprocal function, equation, po- 


sitive integer solutions. 


81. Introduction and result 


For any positive integer n, the famous F. Smarandache function S(n) is defined as the 
smallest positive integer m such that n | m!. That is, S(n) = minfm: n|m!, n © N}. It 
is easy to find that the first few values of this function are S(1) = 1, $(2) = 2, S(3) = 3, 
S(4) = 4, S(5) = 5, $(6) = 3, S(7) =7, S(8) = 4, S(9) =6, S$(10) = 5, S(11) = 11, $(12) = 4, 

About the elementary properties of S(n), many authors had studied it, and obtained 
some interesting results, see references [1]-[5]. For example, Xu Zhefeng [5] studied the value 
distribution problem of S(n), and proved the following conclusion: 


Let P(n) denote the largest prime factor of n, then for any real number x > 1, we have 
the asymptotic formula 


3 
2 


el fal 
(s(n) - Pin)? = 2D" 50 (= | 


In? x 
n<ux 


where ¢(s) denotes the Riemann zeta-function. 

On the other hand, in reference [6], A. Murthy introduced another function S,(n), which 
called the Smarandache reciprocal function. It is defined as the largest positive integer m such 
that y | n! for all integers 1 < y < m. That is, S.(n) = max{m: y|n! foralll <y< 
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m, and m+17n!}. For example, the first few values of S.(m) are: 


S.(1) =1, S.(2) = 2, $.(3) = 3, S.(4) = 4, $.(5) =6, S.(6) = 6, S.(7) = 10, 
S.(8) = 10, S.(9) = 10, S.(10) = 10, S.(11) = 12, S,.(12) = 12, S,(13) = 16, 
S.(14) = 16, S5(15) = 16, S.(16) = 16, $.(17) = 18, $.(18) = 18, ---. 

A. Murthy [6] studied the elementary properties of S.(n), and proved the following conclusion: 

If S.(n) = x and n 43, then «+ 1 is the smallest prime greater than n. 

The main purpose of this paper is using the elementary method to study the solvability of 
an equation involving the Smarandache function S(n) and the Smarandache reciprocal function 
S.(n), and obtain its all positive integer solutions. That is, we shall prove the following: 

Theorem. For any positive integer n, the equation 


S-(n) + S(n) =n 


holds if and only if n = 1, 2, 3 and 4. 


§2. Proof of the theorem 


In this section, we shall prove our Theorem directly. First we need an estimate for m(x), 
the number of all primes < z. From J. B. Rosser and L. Schoenfeld [7] we have the estimate 


T(x) < * (14 a ) for «>1 








Ina 2-Inz 
and 
(x) > —— (1+ f > 59 
ae Inz 2-Inz oe : 


Using these estimates and some calculating we can prove that there must exist a prime between 


nm and sn, if nm > 59. So from this conclusion and A. Murthy [6] we have the estimate 


S-(n) < : -n, if n> 59. (1) 


If 1<n< 59, it is easy to check that n = 1, 2, 3 and 4 satisfy the equation S.(n) + S(n) =n. 
Now we can prove that n does not satisfy the equation S.(n) + $(n) =n, if n > 59. In fact this 
time, if n be a prime p > 59, then from reference [6] we know that S.(p) > p and S(p) = p, so 
S-(p) + S(p) > 2p. If n has more than two prime divisors, from the properties of Smarandache 
function S(n) we know that 


S(n) = max {5(7; WES max {ai - pi}, 


ifn = pips? ---p% be the factorization of n into prime powers. From this formula we may 


immediately deduce the estimate 


n. (2) 
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Combining (1) and (2) we can deduce that if n > 59 has more than two prime divisors, then 


1 
Se(n) + S(n) < 5-n+5-n=2n. 


So n does not satisfy the equation S.(n) + S(n) = 2n. 


If n = p* > 59 be a power of prime p, and a > 2, then note that $(2°) < —-2%, a> 3; 


Dl re 


1 1 1 
S(3%) < 5 -3%, a > 3; S(p%) < 5 -p*,a>2,p>5. We also have S(n) < 5% and therefore, 


S.(p*) + S(p )<aP ete et at 


So the equation $,(n) + S(n) = 2n has no positive integer solution if n > 59. This completes 
the proof of Theorem. 
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Abstract An rpp semigroup S is called a right C — rpp semigroup if L* V R is a congruence 
on S and Se C eS for all e € E(S). This paper studies some properties on right C — rpp 
semigroups by using the concept of right A-product. And, we obtained that the right C — rpp 
semigroups whose set of idempotents forms a right normal band are a strong semilattice of 


direct products of left cancellative monoids and right zero bands. 
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81. Introduction 


A semigroup S is called an rpp semigroup if all its principal right ideals aS'(a € S), 
regard as right S'-systems, are projective. This class of semigroups and its subclasses have 
been extensively studied by J.B.Fountain and other authors (see [1-7]). On a semigroup S, 
the Green’s star relation £* is defined by (a,b) € £* if and only if the elements a,b of S are 
related by the usual Green’s relation £ on some oversemigroup of S. It was then shown by 
J.B.Fountain [2] that a monoid S is rpp if and only if every £*-class contains an idempotent. 
Thus, a semigroup S is rpp if and only if every £*-class of S contains at least one idempotent. 
Dually, we can define lpp semigroups and a semigroup which is both rpp and Ipp is called 
abundant|3]. Abundant semigroups and rpp semigroups are generalized regular semigroups. 

It is noted that rpp semigroups with central idempotents have similar structure as Clifford 
semigroups. This kind of rpp semigroups was called the C—rpp semigroups by J.B.Fonutain. He 
has proved that a C—rpp semigroup can be described as a strong semilattice of left cancellative 
monoids. 

In order to generalize the above result of Fountain, Y.Q.Guo, K.P.Shum and P.Y.Zhu have 
introduced the concept of strongly rpp semigroups in [4]. They considered an rpp semigroup S' 
with a set of idempotents E(S). For Va € S, let the enevelope of a be M, = {e € E(S)|Sta c 
Ste and Vz,y € S',ax = ay > ex = ey}. Surely, M, consists of the idempotents in the L*- 
class of a. Then the authors in [4] called the semigroup S strongly rpp if there exists a unique 
ein M, such that ea = a for Va € S. Now, we call a semigroup S a left C — rpp semigroup/4] 
if S is strongly rpp and L* is a semilattice congruence on S. Y.Q.Guo called an rpp semigroup 
S aright C — rpp semigroup|5] if £* VR is a congruence on S and Se Cc eS for Ve € E(S). 
He has shown that a right C'— rpp semigroup S' can be expressed as a semilattice Y of direct 
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products M, and By, where M, is a left cancellative monoid and B, is a right zero band for 
VaeY. 

In this paper, we will give some properties on right C — rpp semigroups by the result of 
K.P.Shum and X.M.Ren in [8]. Then, by using the concept of right A-product, we study the 
right C —rpp semigroups whose set of idempotents forms a right normal band. We will see that 
this kind of semigroups is a strong semilattice of direct products of left cancellative monoids 
and right zero bands. 

Terminologies and notations which are not mentioned in this paper should be referred to 
[8] and also the text of J.M.Howie [9]. 


§2. Preliminaries 


In this section, we simply introduce the concept of right A-product of semigroups and the 
structure of right C — rpp semigroups. These are introduced by K.P.Shum and X.M.Ren in [8]. 

We let Y be a semilattice and M = [Y; Ma, 6a,,] is a strong semilattice of cancellative 
monoids M, with structure homomorphism 6,,g. Let A = UacyAa be a semilattice decom- 
position of right regular band A into right zero band Ag. For Va € Y, we form the Cartesian 
product S, = M, x Ag. 

Now, for Va, € Y with a > @ and the right transformation semigroup J*(*g), we define 
a mapping 


G06: Sa — JI*(*g) 


by ut y% g satisfying the following conditions: 
(P1): If (a,7) € Sa, i € Ag, then ‘ped = =; 
(P2): For V(a,i) € Sa, (b,7) € Sg, we consider the following situation separately: 
(a) ges), is a constant mapping on Agg and we denote the constant value by 


(Pan? pan) 

(b) If a, 8,6 € Y with a@ > 6 and Ce = =k, then oy = gale. 

(c) If Pia Pee ja = ~ Cond OE 3 for V(w,A) € Sy, then ae per = = Ge ee 
where 1, is the identity of the ets: M,. 


4 ” 


We now form the set union S = J,¢y Sa and define a multiplication “o” on S by 
(a,4) 0 (b, 3) = (ab, (POE p25) («) 

After straightforward verification, we can verify that the multiplication“ o ”satisfies the 
associative law and hence (S,0) becomes a semigroup. We call the above constructed semigroup 
the right A-product of semigroup M and A on Y, under the structure mapping ®y,3. We denote 
this semigroup (S,o) by S = MA}, 5A. 

Lemma 2.1. (See [8] Theorem 1.1). Let M = [Y; Ma, 6a,g] be a strong semilattice of 


cancellative monoids M, with structure homomorphism 6, ,g. Let A =U A, be asemilattice 


acy 
decomposition of right regular band A into right zero band Aq on the semilattice Y. Then the 
right A-product of M and A, denoted by MA},.4A, is a right C — rpp semigroup. Conversely, 


every right C — rpp semigroup can be constructed by using this method. 
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§3. Some properties and main result 


In this section, we will first give some properties, by using right A-product of semigroups, 
for right C — rpp semigroups which have been stated in the introduction. Then, we will obtain 
the structure of right C’— rpp semigroups whose set of idempotents forms a right normal band. 

Theorem 3.1. Let S be a right C' — rpp semigroup. Then the following statements hold: 

(1) For Vu € RegS, Su C uS; 

(2) For Ve € E(S), the mapping n-: «+> xe(Vx € S*) is a semigroup homomorphism from 
S* onto Ste. 

Proof. (1) We first assume that S = MW Aj, oA is an arbitrary right C — rpp semigroup. 
For Vu = (a,1) € Sa NM RegS, there exists z = (b,j) € Sg such that uzu = u and cuz = x. we 
can easily know a = @ by the multiplication of semigroups. Hence for Va € Sq, from (*) and 
(P1) we have (b,7) = = xux = (bab, 7). So bab = b = blg = bla, where 1, is the identity 
element of M,. By the left cancelltivity of M,, we immediately obtain ab = 1q. 

For y € Y and v = (c,k) € Sy, let w = ((b0a,ya)(C@); (PY) ya Pa,ya)) © Sya, Where Oa,ya is 
a semigroup homomorphism from M, onto My, and M,yq is a left cancellative monoid. This 
leads to lafa,ya = lya. Hence, 


uw = (4, %)((08a,7a) (C4); (P5,7aPa,70)) 

((a8a,1e1) Oye,70 (DO ae) (C4); (Pa,70P 5,70) 
((a8a,ya) (D9 aya) (C4), (G4 ya Pa,70)) 
((a 
(1 


b)Oa,yalca); (Pye Po,ye)) 
a9 a,ya(Ca), (Py vaPo,ya)) 
(lya (ca), (25 0 Pa,ye)) 
ae (Ph cle aes) 
c, k)(a, 7) 


= VU 


This shows Su C uS. 


(2)For Ve € E(S) and Va2,y € S', if y= 1, then we have immediately 





Ne(a- 1) = ne(#) = we = wee = Ne(a)ne(1). 





If « € S, then we know there exists z € S such that ye = ez by using (*) and e € RegS. 
Hence, 








Ne(xy) = (xy)e = (ye) = (ez) = we(ez) = (xe) (ye) = ne(x)ne(y). 


This shows that 7. is a semigroup homomorphism. 

In the following section, we proceed to study the structure of right C — rpp semigroups 
whose set of idempotents forms a right normal band. 

Definition 3.2. A band F is called a right normal band if Ve, f,g € E such that efg = feg. 

Theorem 3.3. Let S = MA}.,A be a right C — rpp semigroup. E(S) is the set of 
idempotents of S. Then the following statements are equivalent: 

(1) S is a strong semilattice of M, x Ag; 
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(2) E(S) is a right normal band. 

Where M = [Y; Ma, @a,8] be a strong semilattice of left cancellative monoids M, with structure 
homomorphism 44,3, A = Uaey Aq be a semilattice decomposition of right regular band A into 
right zero band Ag. 

Proof. (1)=(2). Let S be strong semilattice Y of S$, = M, x Aq with structure homomor- 
phism Wg fora, 3 € Y anda > (. From [8] we knew E(S) = Ugey{(la,t) € Ma x Aali € Aa}, 
where 1, is the identity element of M,. If (la,t) € Sa,(1e,j) € Sg, then (la,i)Wa,eg is an 
element in Eyg. Since Egg is a right zero band, we have 


(1e,t)1¢.3) = Ve tte,ae(12,7)¥¢,.e6 = (12,3) 06,08: 


Consequently, for any idempotents (1q,%), (1,7) and (1,,k), we have 


(la, #)(13,7)(1y,) = (la, t) Wa, opy(1a,J wa, apy (Ly sk) wy, apy = (1 yk) by,aBy: 
Chg 3 Vlas (Ly, k)= (1g, jv, aoe 52) We, way ly ik) by, apy = (1 y k) by apy: 


Thus, 


(La, #)(1a,7)(1y,k) = (1a, 9) (Las #)(1y, ki). 


This shows that E(S) is a right normal band. 

(2)=(1). If E(S) is a right normal band, then we knew that E(S) is a strong semilattice 
of right zero band, and every right zero band is just a J(= D)-class of E(S'). As E(S) itself 
is a semilattice of right zero bands Ey = {(la,i) | i © Aa}, each Eq is just a J-class of 
E(S). This means that E(S) is a strong semilattice of Ey. Let the strong semilattice structure 
homomorphism be €,,3, where a,3 € Y and a > Z. Then for any idempotents (1q,7), (1,,J), 
we have 


(la, #)(16,3) = (La, t)fa,03(1e, J)&6,08 = (1a, 5)€&6,08: 


Let 6.,3 be the strong semilattice structure homomorphism of the C—rpp compotent M, = 
Uaey Ma of S. By virtue of the right normality of E(S), for V(a,7) € Sq and j1, j2 € Ag U Aag, 
we have 
(a, )(1a, ja) 
la, i)(a, i) lg, ji) 

a,t 1 
1a,4)(dBa,a8s (Para? sas) 
1, 2)(a, i) (a,i)  (1a,Jj1) 
Lesa) 

) 


Lat 


a,i (1 
(aban oe eee) 


I 


— 


(la 8 (Po,aB? BoB )) 

(lua eleeene)) 

as By OO ee Ena a 
la, t)(las, i) 

Bs J2) 

a, i)(1g, J2) 


a,t 1 
mee apace): 


a, t)( 
( 
( 
(1 


( 
( 
( 
= (a, %) 
= (a, %) 
= (a, %) 
= (a, %) 
= (a, %) 
= (a8 


: 1 a,i i 
This shows (php 82) = (yh!) pleads). 
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Now, for Va,@ € Y,a > B,i € Aa, jo € Ag, we define a mapping Vag: Sa — Sg by 


- 1 
(a8) + (aban, (oe Digs. avi), 


By the same arguments as the previous one, we can get the above mapping Vag is inde- 
pendent of the choices jo € Ag. 

Clearly, Vo, is an identity mapping for Va € Y. 

Furthermore, for V(a,i), (b,j) € Sa,a > G and jo € Ag, we have 


(a, 1)(b, 7) Vag = (ab, H)Va, B 


a ue 
= ((ab)Ba,ps (ord) p29) 


a,t b 1 
= (46 0,08080,08; (pk aia ao —) 


a,t 1 b 1 
= (a6a,a8, (Vor, ys, = Wits eae, 2062") 


= (4,1) Va,6(b, 7) Va 
Thus, Yq,¢ is indeed a homomorphism from Sq ne Sg. 


For Va, 3,7 € Y satisfying a > 8 > y, and jo € Ag, ko € Ay, we have 


. a,i 1 
(2,2) Va,eVe,7 = (Baap, (Ce, p $23”) )We,4 


= (080,8, (03 oS 2"”) Va. 
~ (08. a,8> 50) VB, 
= (1B a0 3.9 (Bq ers) 
= (a8.,, y ko) 
= (aay, (eH ph) 
= (a,i)Va5. 


In other words, we have Vy gVg,, = Va,y. Summing up all the above discussion, we are now 
ready to construct a strong semilattice S of S with the above structure homomorphism W, 4. 
Clearly, S' = S$ as sets. The remaining part is to show that S = S as semigroup as well. 
Denote the multiplication in S by *, Then for V(a,i) € Sa,(b,7) € Sg and jo € Aag, we 
have 
(a, ¢) * (6,7) = (4, 1)Wo,aa (0, J) Ve,a8 
= (0B 2,09; (Oap¥ sad ))(002.08;(PpaaPaa8 )) 
= (a, 7)(b, J). 
Thus, it can be seen that the multiplication « of S' is exactly the same as the usual semigroup 
multiplication of S. This shows that S is a strong semilattice of Mg x Aa. 
The proof is completed. 
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Abstract For any positive integer n, the famous Pseudo Smarandache Square-free function 
Zw(n) is defined as the smallest positive integer m such that m” is divisible by n. That 
is, Zy(n) = min{m : n|m”,m € N}, where N denotes the set of all positive integers. The 
main purpose of this paper is using the elementary method to study the properties of Z(n), 
and give an inequality for it. At the same time, we also study the solvability of an equation 
involving the Pseudo Smarandache Square-free function, and prove that it has infinity positive 


integer solutions. 


Keywords The Pseudo Smarandache Square-free function, Vinogradov’s three-primes the- 


orem, inequality, equation, positive integer solution. 


§1. Introduction and results 


For any positive integer n, the famous Pseudo Smarandache Square-free function Z,,(n) is 
defined as the smallest positive integer m such that m” is divisible by n. That is, 


Zu(n) =min{m: nlm", me N}, 


where N denotes the set of all positive integers. This function was proposed by Professor F. 
Smarandache in reference [1], where he asked us to study the properties of Z,,(n). From the 
definition of Z,,(n) we can easily get the following conclusions: If n = pf'p5?---p?r denotes 
the factorization of n into prime powers, then Z,,(n) = pip2---p,. From this we can get the 
first few values of Z,(n) are: Zw(1) = 1, Zw(2) = 2, Zw(3) = 3, Zw (4) = 2, Zw(5) = 5, 
Zw(6) = 6, Zu(7) = 7, Zw(8) = 2, Zu(9) = 3, Z,(10) = 10, ---. About the elementary 
properties of Z(n), some authors had studied it, and obtained some interesting results, see 
references [2], [3] and [4]. For example, Maohua Le [3] proved that 


= 1 
=~, aceR, a>0 
> Zaye 


is divergence. Huaning Liu [4] proved that for any real numbers a > 0 and x > 1, we have the 
asymptotic formula 


a _ S(a+ 1a" pone 
Dd (Zu(n))* = nace: 1) II f aeHt) =e ~ ) 


n<ux 
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where ¢(s) is the Riemann zeta-function. 


k 
Now, for any positive integer k > 1, we consider the relationship between Z,, (1 m) 
i=1 
k 
and .S Zw(m,;). In reference [2], Felice Russo suggested us to study the relationship between 
i=1 
them. For this problem, it seems that none had studied it yet, at least we have not seen such 
a paper before. The main purpose of this paper is using the elementary method to study this 
problem, and obtained some progress on it. That is, we shall prove the following: 
Theorem 1. Let & > 1 be an integer, then for any positive integers m1, m2, ---, Mz, we 


have the inequality 





and the equality holds if and only if all m1, m2, --- , mx have the same prime divisors. 


Theorem 2. For any positive integer k > 1, the equation 
k k 
> Zelom) = Ze (Sm 
i=1 i=1 


has infinity positive integer solutions (m1, ma, -+:, Mx). 


§2. Proof of the theorems 


In this section, we shall prove our Theorems directly. First we prove Theorem 1. For any 
positive integer k > 1, we consider the problem in two cases: 
(a). If(m;, m;)=1, 1, 7 =1, 2, --- , k, andi ¥ j, then from the multiplicative properties 


of Z(n), we have 


Therefore, we have 





k 
k >. Zw(m:) k k 
k k i=1 = , 
Lw ( m) = [] Ze(ms) < = 7 < [] 20m) = Ly (11 m) ‘ 
w=1 i=1 i=1 w=1 
(b). If (mi, mj) > 1, 4, 7 = 1, 2, --+, k, andi F J, then let my = pf" pl? --- pe, 
ais > 0, i=1, 2,---, kj s=1, 2, ---, 1. we have Z,,(m;) = pi pe ..- pPir, where 


0, if aj, = 0; 
Bis = . 
1, if aj, > 1. 
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Thus 
k 
Dd Zulmi) 
= _ pet ph oe - pir + pb? pf = . pii2r SoG a + pir pire . - pBer 
k k 
k 
P1p2°** Pr + P1p2-**Pr + +++ + Pip2+**P 
= : i “= pipa:+* Pp = Zy (II). 
i=1 
and equality holds if and only if aj, >1,i=1, 2,---, ky s=1, 2,---, 7. 
k 
ee (11 m) = /pip2*** Dr S \/pr py? + pr” 
i=1 
k 
Zw(m;) 
Z pet pp a . pir 4 pe?! ph 25 . pii2r pera ph ppt ae . pike = 
—_ k k o] 
k 
where a, = » Bis, $= 1, 2, +--+, r, but in this case, two equal sign in the above can’t be hold 
i=1 


in the same time. 


So, we obtain 





= <2.(Im), 


i=l 


and the equality holds if and only if all m,, m2, --- , mz have the same prime divisors. This 
proves Theorem 1. 

To complete the proof of Theorem 2, we need the famous Vinogradov’s three-primes the- 
orem, which was stated as follows: 

Lemma 1. Every odd integer bigger than c can be expressed as a sum of three odd primes, 
where c is a constant large enough. 

Proof. (See reference [5]). 

Lemma 2. Let & > 3 be an odd integer, then any sufficiently large odd integer n can be 


expressed as a sum of & odd primes 
n= pit pat-+:+ De. 


Proof. (See reference [6]). 
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Now we use these two Lemmas to prove Theorem 2. From Lemma 2 we know that for any 


odd integer k > 3, every sufficient large prime p can be expressed as 
D> Pit p2 +--+ + Dk: 
By the definition of Z,,(n) we know that Z,,(p) = p. Thus, 
Zw(P1) + Zw(p2) + +++ + Zw (Pe) = Pi + po + +++ + Pe =P = Zy(p) 
= Zw(pi+pot-+++ Pr). 


This means that Theorem 2 is true for odd integer k > 3. 
If k > 4 is an even number, then for every sufficient large prime p, p—2 is an odd number, 


and by Lemma 2 we have 














p-2=py+pot:::+pe-1 or p=2+ pi +pot-+:+ pr-i- 
Therefore, 
Zw (2) + Zy(p1) + Zw(p2) +++: + Zw (pe-1) = 2+ pit pot-::+pr1 =p 
= Ly (p) = Zu(2 +91 + pe +++ + pei). 


This means that Theorem 2 is true for even integer k > 4. 
At last, for any prime p > 3, we have 


Zuw(p) + Zw(p) =p +p = 2p = Z,, (2p), 


so Theorem 2 is also true for k = 2. This completes the proof of Theorem 2. 
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Abstract For any positive integer n, the famous F.Smarandache function Sn) is defined as 
the smallest positive integer m such that n | m!. That is, S(n) = min{m: n|ml!, n € N}. 
The main purpose of this paper is using the elementary method to study the estimate problem 
of S(F,,), and give a sharper lower bound estimate for it, where F, = 2?" + 1 is called the 
Fermat number. 
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81. Introduction and result 


For any positive integer n, the famous F.Smarandache function S(n) is defined as the 
smallest positive integer m such that n | m!. That is, S(n) = min{fm: n|m!, n € N}. For 
example, the first few values of S(n) are S(1) = 1, S(2) = 2, S(3) = 3, S(4) = 4, $(5) = 5, 
S(6) = 3, $(7) = 7, S(8) = 4, S(9) = 6, S(10) = 5, S(11) = 11, $(12) = 4,---. About 
the elementary properties of S(n), many authors had studied it, and obtained some interesting 
results, see references [1], [2], [3], [4] and [5]. For example, Lu Yaming [2] studied the solutions 
of an equation involving the F.Smarandache function S(n), and proved that for any positive 
integer k > 2, the equation 


S(my + me +--+ mp) = S(m1) + S(me) +--+ + S(m«) 


has infinite group positive integer solutions (m1, m2,--+ , mx). 

Dr. Xu Zhefeng [3] studied the value distribution problem of S(n), and proved the following 
conclusion: 

Let P(n) denotes the largest prime factor of n, then for any real number x > 1, we have 
the asymptotic formula 


3) of 2 
Y (S(n) — P(n))? = | | 


In? x 
n<u 





where ¢(s) denotes the Riemann zeta-function. 
Chen Guohui [4] studied the solvability of the equation 


§7(2) —58(2) +p=2, (1) 
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and proved the following conclusion: 

Let p be a fixed prime. If p = 2, then the equation (1) has no positive integer solution; If 
p = 3, then the equation (1) has only one positive integer solution x = 9; If p = 5, then the 
equation (1) has only two positive integer solutions « = 1, 5; If p = 7, then the equation (1) 
has only two positive integer solutions « = 21, 483. If p > 11, then the equation (1) has only 
one positive integer solution x = p(p — 4). 

Le Maohua [5] studied the lower bound of $(2?~1(2? — 1)), and proved that for any odd 


prime p, we have the estimate: 
S (2?-1(2? —1)) > 2p+1. 


Recently, in a still unpublished paper, Su Juanli improved the above lower bound as 6p + 1. 
That is, she proved that for any prime p > 7, we have the estimate 


S (2?-1(2? —1)) > 6p +1. 


The main purpose of this paper is using the elementary method to study the estimate 
problem of S'(F),), and give a sharper lower bound estimate for it, where F,, = 2?” + 1 is the 
Fermat number. That is, we shall prove the following: 

Theorem. For any positive integer n > 3, we have the estimate 


6 (hj Ss2* 41. 


where F,, = 22" + 1 is called the Fermat number. 


§2. Proof of the theorem 


In this section, we shall complete the proof of our theorem directly. First note that the 
Fermat number F, = 5, Fo = 17, F3 = 257, Fy = 65537, they are all prime. So for n = 3 
and 4, we have S$ (F3) = 257 > 8-234 1, S (Fy) = 65537 > 8-24+1. Now without loss of 
generality we can assume that n > 5. If F, be a prime, then from the properties of S(n) we 
have S (F,,) = F, = 2?" +1>8-2"+4+1. If F, be a composite number, then let p be any prime 
divisor of F,, it is clear that (2, p) = 1. Let m denotes the exponent of 2 modulo p. That is, 
m. denotes the smallest positive integer r such that 


2" = 1 (mod p). 


Since p | Fy, so we have F, = 22" +1 = 0 (mod p) or 22" = —1 (mod p), and 22""" = 1 (mod p). 
From this and the properties of exponent (see Theorem 10.1 of reference [6]) we have m | 2"*?, 
so m is a divisor of 2"+1. Let m = 24, where 1 < d<n+1. It is clear that p ¢{2¢—1, ifd<n. 
So m = 2”*! and m | 6(p) = p—1. Therefore, 2”*! | p—1 or 


p=h-2t 41. (2) 


Now we discuss the problem in following three cases: 
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(A) If F,, has more than or equal to three distinct prime divisors, then note that 2"++ + 1 
and 2-2”*1 +1 can not be both primes, since one of them can be divided by 3. So from (2) 
we know that in all prime divisors of F,,, there exists at least one prime divisor p; such that 
m= hy OP 41 > a. 21 1 BO 4 1, 

(B) If F,, has just two distinct prime divisors, without loss of generality we can assume 


Fy = (2044 4.1)%. (3-291 41)? or B= (2-2"+741)*- (3-241 41%. 


If F, = (2°41 41)*- (3.9748 + 1)%, and a > 4 or 2 > 2, then from the properties of $(n) 
we have the estimate 


S(F,) > max{S((2*1+1)°), (8-2 +1)°)} 
= max{a-(2"*' +1), 6: (3-2 +1)} 
2 Soa" 4-1 


If Fy = 22" +1 = (2°41 +41) - (3-2"41 41) = 3. 2?"+2 + 2773 +1, then note that n> 5, 
we have the congruence 
O= 27 +1-1=3. 2274? + onts = 9713 (mod 2"+*), 
This is impossible. 
If Fy = 27°41 = (2041 + 1)7.(8- 2741 +1) = 3.28"434.3.9243 4 g.9nt1 4 2424 ont? y 
then we also have 





ri 








O= 227 41-1 = 3.238743 4 3... 92n+3 4 3. Qntl g2nt2 gnt2 —= 3. 9gntl (mod 2”*?). 


This is still impossible. 
If F, = 22" +1 = (2"+141)°. (3-2"+1 4 1), then we have 


oP bd = (294 1)" 3.9"? 4 1 (mod 24) 


or 








0 = 2%" = (3-271 41)°-1=3-2"4? (mod 2"+4). 


Contradiction with 2°+4 + 3.2?+?, 
If F, = (227+ 41)%. (3-2"t1 4 1)”, and a > 2 or 3 > 2, then from the properties of 


S(n) we have the estimate 
S(Fn) > max{s((2-2"7+1)"), s((3-2"7+1))} 
= max{a-(2-2"t'+1), 6-(3-2"+*+1)} 
> 8-2" +1. 








If F, = 2?" +1 = (2-2"t1+1)-(3-2"*1 +1), then we have 
f= 41] 309 ee 21, 
From this we may immediately deduce the congruence 
a a ee aa (od 2), 


This is not possible. 


(C) If F, has just one prime divisor, we can assume that 
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Fy = (2"4141)* or Fy =(2-27741)* or Fy, =(3-27t741)*. 


If F, = (art + iy then it is clear that our theorem holds if a > 4. If a= 1, 2 or 3, then 
from the properties of the congruence we can deduce that F, = (2"+! + 1)“ is not possible. 

If F, = (2-2"+1 41)" or (3. 2"+1 +1)", then our theorem holds if a > 2. If a = 1, then 
Fi, be a prime, so our theorem also holds. 


This completes the proof of Theorem. 
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Abstract For any positive integer n, let ¢(m) and S(n) be the Euler function and the Smaran- 


dache function respectively. In this paper, we use the properties and the curve figure of these 

two functions to study the solvability of the equation }*> S(i) = o( 2a), and prove that 
i=1 

this equation has only two positive integer solutions n = 1,10. 
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81. Introduction and result 


For any positive integer n, the famous F.Smarandache function S(n) is defined as the 
smallest positive integer m such that n divides m!. That is, S(n) = min{m: me N, n|mi}, 
where N denotes the set of all positive integers. From the definition of S(n), it is easy to see 
that ifn = p{'p5?---p?* be the factorization of n into prime powers, then we have 


S(n) = qa res): 


It is clear that from this properties we can calculate the value of S(n), the first few values of 
S(n) are: S(1) = 1, S(2) = 2, S(3) = 3, S(4) = 4, S(5) = 5, S(6) = 3, S(7) = 7, S(8) = 4, 
S(9) = 6, S(10) = 5, ---. About the arithmetical properties of S(n), some authors had studied 
it, and obtained many interesting results. For example, Lu Yaming [2] studied the solvability 
of an equation involving the F.Smarandache function S(n), and proved that for any positive 
integer k > 2, the equation 

S(myz + m2 +--+ + my) = S(m1) + S(me2) +--+ + S'(mz) 


has infinite group positive integer solutions (m1, m2, --: , Mx). 
Jozsef Sandor [3] proved that for any positive integer k > 2, there exist infinite group 


positive integers (m1, me, ---, Mx) satisfying the inequality: 
Also, there exist infinite group positive integers (m1, m2, --- , mz) such that 


S(mi + Meo +--++ mz) < S(mz) + S(mz2) + +++ + S(me). 


30 Weiguo Duan and Yanrong Xue No. 2 





Rongji Chen [5] studied the solutions of an equation involving the F.Smarandache function 
S(n), and proved that for any fixed r € N with r > 3, the positive integer n is a solution of 


S(n)" + S(n)" 1 4+---+ Sn) an 


if and only if 
n= p(p"* +p’? 4...41), 


where p is an odd prime satisfying p"~1 + p’™-? +---+1|(p—1)!. 

Xiaoyan Li and Yanrong Xue [6] proved that for any positive integer k, the equation 
S(n)? + S(n) = kn has infinite positive integer solutions, and each solution n has the form 
n = pny, where p = kn, — 1 is a prime. 

For any positive integer n, the Euler function ¢(n) is defined as the number of all positive 
integers not exceeding n, which are relatively prime to n. It is clear that ¢(n) is a multiplicative 
function. 

In this paper, we shall use the elementary method and compiler program to study the 
solvability of the equation: 


(1) +5) +---+5(n) =6 (MED), (1) 


and give its all positive integer solutions. That is, we shall prove the following: 
Theorem. The equation 


S(1) + S(2)+---+S(n) =¢ (mae) 


2 


has and only has two positive integer solutions n = 1, 10. 


§2. Main lemmas 


In this section, we shall give two simple lemmas which are necessary in the proof of our 
Theorem. First we have the following: 
Lemma 1. For any positive integer n > 100, we have the inequality 


ik 1? n? 
ye, 
= 5 S199 inn 
Proof. From the mean value formula of S(n) (See reference [7]) 
| a ced a” 


we know that there exists one constant N > 0 such that 


n 2 2 2 2 2 2 
S> Sli) Z T n | 1 7 n Z T n 
i=l 





S72 Inn ' 1199 12 Inn ~ 11.99 Inn 


holds for all positive integer n > N. We can take N = 100 by calculation. This completes the 
proof of Lemma 1. 
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Lemma 2. For Euler function $(n), we have the estimate 








1 +1 1 
3 (“ ') = mn ) el. a aD 
ln (2 ln a) 
Proof. Let n = p{'p3?---p?* be the factorization of n into prime powers, then there 
always exist some primes pj, po, «+: ps such that pipo---ps > n. From [1] we have 
x 
S"inp=2+0 (=). 
log x 


pKx 


by this estimate we know that 


Inn < So inp; < S- Inp; < ps < 2Inn. 
i=1 PiX<Ps 
Thus 1 1 
Si-< S- — <InInp, < InIn(2Inn). 
Pp Pi 


p|n Pi<Ds 





1 1 
Note that ¢(n) = nil (1 i, if mnt ) is even, then 
Pp 














p|n 
n(n + 1) n(n +1) i 
TENE Ted: _ nrtt) a 
o( 2 ) 2 II : 
p| 2th 
In(1— 4)415_15 
= MOET) ne ogg PE 
4 
= > er = [In(1— 2) +43] 
—  MRAT) 2D nes [mnFh) zo 
4 7 a Z 
S n(n ee 1) p| Minty) pls Pp 
= 4 
> aes) ed e~hSinIn(2In 244) 
4 
n(n+1) 3 1 
= -e4- 15 n(n+1) . 
. ee eae 


1 
If lise is odd, we can also get the same result. This completes the proof of Lemma 1. 


§3. Proof of the theorem 


In this section, we shall complete the proof of our Theorem. First we study the tendency 
of the functional digraph 


Kl peeeD a 1 i ee 
cae ees mn 5(2in 2@D) 11.99“ Ina’ 








By use of Mathematica compiler program we find that f(a) > 0, if « > 100754. 
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figure 1 


From the figure 1 we know that if n > 100754, then 


” mn? — n(n+1) os 1 n(n + 1) 
< ; near ; 2 
ae 11.99 inn ~~ 4 0m ran) : a( 2 ) 2) 





If « € (100754, +00), we use Mathematica compiler program to compute f (x), then we 
find that the derivative f’ (x) is positive, so (2) is also true if « > 100754. 

Now we consider the solution of (1) for all n € [1, 100754]. By use of the computer 
programming language, we obtain that the equation (1) has no any other positive integer 
solutions except n = 1, n = 10. This completes the proof of Theorem. 
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The computing programme is given as follows if n € [1, 100754]. 
# include “stdio.h” 
# include “math.h” 
# define N 100754 
int S(int n) 
{int ret=1,num=n; 
unsigned long int nn=1; 
for(ret=1;ret<=n;ret++) { nn=nn«ret; 
if(an%num==0) break;} if (ret>n) ret=n; 
return ret; } 
int SumS(int n) 
{int ret=0,i; 
for (i=1l;i<=n;i++) ret+=S(i); 
return ret; } 
int coprime(int i,int n) 
{ int a=n,b=i; 
while(a!=b) { if(a==0) return b; 
if(b==0) return a; 
if(a>b) a=a%b; 


else 

b=b%a;} 

return a; } 

int Euler(int n) 

{int ret=1,i; 

for(i=2;i<n;i++) {if(coprime(i,n)==1) ret++;} return ret;} 
main() 

{ int kk; 


for(kk=1;kk<=N;kk++) if(SumS$(kk) ==Euler((kk*(kk+1) /2))) 
printf( “rusult is % d\n” ,kk); 
getch (); } 
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Abstract For orthogonal projective matrix R, i.e., R? = R and RT? = R, we say that A is 
generalized Hermitian matrix, if RAR = A*. In this paper, we investigate the least residual 
problem ||AX — B|| = min with given X, B, and associated optimal approximation problem 
in the generalized Hermitian matrix set. The general expressions of the solutions are derived 
by matrix decomposition. 
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81. Introduction 


Some symbols and notations: Let C?"*” be the set of all m xn complex matrices with rank 

r, HC"*” be the set of all n x n Hermitian matrices. Denoted by At, A*, rank(A) the Moore- 
Penrose generalized inverse, conjugate transpose, rank of matrix A, respectively. Moreover, I, 
represents identity matrix of order n, and J = (€n, @n-1,°+: ,€1), €; € C” is the ith column of 
I,. ||» || stands for the Frobenius norm. Matrix R € C”*” is said to be projective (orthogonal 
projective) matrix, if R? = R (R? = Rand R* = R). 

Definition 1.1. If A € C"*”, we say that A is centro-symmetric matrix, if JAJ = A. 

The centro-symmetric matrix has important and practical applications in information the- 

ory, linear system theory and numerical analysis (see [1-2]). As the extension of the centro- 
symmetric matrix, we define the following conception. 

Definition 1.2. For given orthogonal projective matrix R € C?*", we say that A € C”*” 
is generalized Hermitian matrix, if RAR = A*. Denote the set of all generalized Hermitian 
matrices by GHC"*"”. 

In this paper, we discuss two problems as follows: 

Problem I.(Procrustes Problem): Given orthogonal projective matrix R € R"*”, and 

X,Bec"*™, find A € GHC”*” such that 
|| AX — B|| = min. 

Problem II.(Optimal Approximation Problem): Given M € C”*”, find A € Sg such 

that 
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|| 4 — All = min || - Al, 
AESz 

where Sz is the solution set of Problem I. 

Obviously, when M = 0, Problem II is changed into finding the least Frobenius norm 
solution of Problem I. 

Many important results have been achieved about the above problems with different ma- 
trix sets, such as centro-symmetric matrix!’], symmetric matrix!4—®!, R-symmetric matrix!®—7] 
and (R,S)-symmetric matrix!®] set. In this paper, we investigate the above problems in the 


generalized Hermitian matrix set by matrix decomposition. 


§2. Preliminary knowledge 


In this section, we discuss the properties and structures of (orthogonal) projective matrices 
ReEcC?r*" and A € GHC™*". 
Denote s = rank(I—R), we know that r+s =n since R? = R. Suppose that pi, po,..., Pr 
and q1,q2,---;@s are the normal orthogonal basis for range R(R) and null space N(R) of R, 
respectively. Let P = (pi, p2,..-,Pr) € C?*" and Q = (q1,42,---59s) € C?”**, then 
P*P=1,, QQ = Is, (1) 
RP = P, RQ =0. (2) 
Lemma 2.1.(see [9]) Let matrix A € C”*™ and its full-rank factorization A = F’'G, where 
Fecr*",Gecrx™ then A is projective matrix if and only if GF = [,. 


Lemma 2.2. R €C?*” is projective matrix, then 


I, 0 P 
R=(P Q) ae (3) 
0 O Q 
-1 P 
where matrix (p Q) is invertible, and ( P Q) al ae 
Q 
If R is orthogonal projective matrix, we have 
I, 0 P* 
R=(P Q) (4) 
0 O Q* 


where |P Q) is unitary matrix. 


Proof. Assume that the full-rank factorization of R is R = PP, we obtain from Lemma 
2.1 and (1) that 
P=P*R, PP=I.. (5) 


Similarly, if the full-rank factorization of [— Ris [— R= QQ, we generate 
Q=Q"- RB), QQ =I, (6) 
since (I — R)? = I — R. Connecting with (1)(2)(5) and (6), we know that (3) holds. The 
equality (4) is obvious since R* = R. 
Lemma 2.3. Given matrices R as in (4) and Ae GHC”*", then 
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G 0\ (Pe 
An (p Q) ,V GeHC"™". (7) 
0 0} \a@ 


Proof. According to Lemma 2.2 and Definition 2.1, it is clear that (7) holds. 
Lemma 2.3 indicates that arbitrary matrix M@ € C”*” can be written as 


M, M2 P* 


ies a) M3 Ms, Q* 


§3. The solutions of Problem I and II 


Given matrices X,B € C"*™, partition 
P* x P* By 
X= and B= ; (8) 
Q* X2 Q* By 
where X;, By € C"™*™ and X29, By € C®*™, 
We need the following two lemmas derived from References [7] and [8], respectively. 
Lemma 3.1. Suppose that matrices X1, By, in (8), then matrix equation A;X1 = B, is 
consistent for A; € HCO'™*", if and only if BiXtX = B, and X{B, = BX), the general 
solution is 
Ay =A. +, — OX) EU — Xi XP), 
where Ay = (i. = 221) Bx} 4 (BX) (= 222), VK € HO. 
Lemma 3.2. Given matrices X,, B, in (8), then 


min || GX; — B, ||=|| Bid, — XX) | 
Gecrxr 


if and only if G = B, Xj + Ko(I, — X, Xj), VKe € C"*". 


According to Lemmas 3.1 and 3.2, we obtain 





Lemma 3.3. For the above given matrices X1, Bj, 


min — || A,X, — By ||=|| Bid, — XPX1) | 
Ai€HC™xr 
if and only if 


XE BXY = XP Xi BiXXY, (9) 
and the expression of A; is the same as that in Lemma 3.1. 
Proof. | A, X1 = By [4 =|| By = ByX{X + BiX?X = A, X1 \|? 


=|| Bi(Z- — XX) |? + || Bixf xX -— AX |l? 


Hence, the least residual can be attained only if By X. ri X, = A,X, which is consistent for 
A; € HC™*" under condition (9) by Lemma 3.3. The proof is completed. 
Based on the previous analysis, Problem I can be solved in the following Theorem. 
Theorem 3.1. Given matrix R as in (4), X,B € C”*™ and the partition (8), then 
ga B\|? = ||Bi(, — XPX1)|I? + || Ball”, (10) 
if and only if (9) holds, at this time 
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0) Gil] mx RG a) 0) TP 
0 o} \Q 


+ 
eer), VK € HOT, 


A=(P (11) 


a + * 
where G = (I, — ©) B, x} + (B X})*(, - 

Proof. According to the unitary invariance of Frobenius norm, formulas (4) and (7), we 
obtain 


AX — Bl? 

2 
G o\ [PX 

= (p Q) x= 
Oo Oo} Lor 


_ G 0 X4 By, 
0 O Xo Bo 
= ||GX1 — By|| * + || Bell’. 


Therefore, the problem (10) is equivalent to the following least residual problem 
|| GX, — B, || . 


bo 











min 
From Lemma 3.3, we know that the Sac can be attained if and only if (9), and 
C=C+U, =X) Kl — 2X ); 
where kK € HC**” is arbitrary. Submitting G into (7), then (11) holds. 

The following lemma stated from [6]. 

Lemma 3.4. Let EL € C%*™,A € C2, T € C™*™, and A? = A= A*, I? =T =I", 
then || L — ALT ||= gents || L — ANT || if and only if A(Z — N)T = 0. 

Let Sg be the solution set of Problem I. We can easily verify from its definition that Sz is a 
closed convex subsets in matrix space C”*” under Frobenius norm. The optimal approximation 
theorem!!®l reveals that Problem II has unique solution, which can be expressed in the next 
theorem. 


Theorem 3.2. Suppose that the given matrix in Problem II is 


M, M2\ [P* 
M= (P Q) a Oa 
M3 Ma} \Q* 

then 

min || M—A|| (12) 

AESE 
if and only if 

Cth Roe aa Oy 
A=(P Q) ( iA) a 1X7 ) . (13) 


0 0 Q* 
where G is the same as that in Theorem 3.1. 
Proof. By using the unitary invariance of Frobenius norm and Theorem 3.1, we obtain 
M, M. CLUS Rd =A). 0 
rarape|[(M ae) _ (@+G-- axe — xh) 
M3; Mz, 0 0 
= || (Wh - G) - (h — XA XP) Kp — Xi XP) |? 
+ || Me ||? + |] Ms ||? + || Ma |, 
then the problem (12) equals to solve the minimum problem 
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i ay oe ee oe cu ae een ce. oun ai 
canta... | hn — G) = ( 1X7) K( 1X7’) | 


Moreover, since ||M,||? = || 





ae I? + || — \|?, hence the above minimum problem can be 


transformed equivalently as 





M+ MY 2 
min || (— DG) Se ae a = A 
KEHCTX*r 2, 
We further deduce from Lemma 3.4 that 
(b+ XR x) SC, = aa xe), (14) 


submitting (14) into (11), we obtain (13). 
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Abstract In this paper, defining a vector product in Semi-Euclidean space E$, we present a 
method to calculate Frenet apparatus of Partially Null curves. Thereafter, in the same space, 
using presented method, we prove that Frenet apparatus of a partially null evolute curve can 


be formed by involute’s Frenet apparatus. 
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81. Introduction 


Suffice it to say that the many important results in the theory of the curves in E? were 
initiated by G. Monge; and G. Darboux pionneered the moving frame idea. Thereafter, F. Frenet 
defined his moving frame and his special equations which play important role in mechanics and 
kinematics as well as in differential geometry. E. Cartan opened door of notion of null curves 
(for more details see [2]). And, thereafter null curves deeply studied by W. B. Bonnor [7] in 
Minkowski space-time. In the same space, Frenet equations for some special null; Partially 
and Pseudo Null curves are given in [4]. By means of Frenet equations, in [3] authors gave 
characterizations of such kind null curves lying on the pseudo-hyperbolic space in E}. In [6], 
authors defined a vector product and by this way, they presented a method to calculate Frenet 
apparatus of space-like curves with non-null frame vectors and time-like curves in Minkowski 
space-time. Additionally, in [5] authors defined Frenet equations of pseudo null and a partially 
null curves in Semi-Euclidean space E73. 

In this work, first we defined vector product in E3 and then, using Frenet equations defined 
in [5], we present a method to determine Frenet apparatus of partially null curves in E%. 
Moreover, we prove that Frenet apparatus of a partially null evolute curve can be formed by 
involute’s Frenet apparatus in terms of presented method. 


§2. Preliminaries 


To meet the requirements in the next sections, here, the basic elements of the theory of 
curves in the space E} are briefly presented(A more complete elementary treatment can be 
found in [1]). 
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Semi-Euclidean space E} is an Euclidean space E* provided with the standard flat metric 
given by 





g = —da? — da? + dx? + dai, (1) 


where (21, 22,%3,24) is a rectangular coordinate system in E}. Since g is an indefinite metric, 
recall that a vector v € E$ can have one of the three causal characters; it can be space-like if 
g(v,v) > 0or v = 0, time-like if g(v, v) < 0 and null (light-like) if g(v, v)=0 and v ¥ 0. Similary, 
an arbitrary curve a = a(s) in E} can be locally be space-like, time-like or null (light-like), 
if all of its velocity vectors a’(s) are respectively space-like, time-like or null. Also, recall the 





norm of a vector v is given by ||v|| = \/|g(v, v)|. Therefore, v is a unit vector if g(v,v) = +1. 
Next, vectors v, w in E4 are said to be orthogonal if g(v, w) = 0. The velocity of the curve a(s) 
is given by ||a’(s)||. The Lorentzian hypersphere of center m = (m1,m2,m3,m4) and radius 
r € Rt in the space E} defined by 


S3(m,r) = {a = (a1, Q2,3, 04) € te :g(a—m,a—m) = ys (2) 


Denote by {T(s), N(s), Bi(s), Bo(s)} the moving Frenet frame along the curve a(s) in the space 
E$. Then T, N, B,, Bo are, respectively, the tangent, the principal normal, the first binormal and 
the second binormal vector fields. Space-like or time-like curve a(s) is said to be parametrized 





by arclength function s, if g(a’(s),a/(s)) = +1. For a partially null unit speed curve in E%, 


following Frenet equations are given in [5] 


T’ 0 K 0 O T 
N' kK 0 rT 0 N 
- (3) 
Bi 0 0 a 0 By, 
Bs 0 -e9r O -a Bo 


where T, N, B, and By are mutually orthogonal vectors satisfying equations 
g(T,T) =e, = +1, 9(N, N) = € = +1, whereby e€2 = —1 
g( Bi, Bi) = g( Bo, Bo) = 0, 9(Bi, Bo) = 1. 

And here, «,7 and o are first, second and third curvature of the curve a, respectively. The 
set {K,7,0,T(s), N(s), Bi(s), Bo(s)} is called Frenet apparatus of the curves. Let » and 6 be 
partially null unit speed curves in EF}. y is an involute of 6 if y lies on the tangent line to 6 at 








d(so) and the tangents to 6 and y at 5(so) and » are perpendicular for each so. y is an evolute 
of 6 if 6 is an involute of y. And this curve couple defined by y = 6+ AT. 

In [5] authors gave a characterization about partially null curves with the following state- 
ment. 

Theorem2.1. A partially null unit speed curve ¢(s) in FE} with curvatures k 4 0, T #0 
for each s € J C R has o = 0 for each s. 


§3. Vector product in semi-euclidean space FE} 


Definition 3.1. Let a = (aj, a2, a3, a4), b = (b1, be, bs, b4) and c = (c1, C2, 3, C4) be vectors 
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in E§. The vector product in E% is defined with the determinant 


Ee} =—€) ‘€3 €4 
a a a a 

a\bA\c=— * . aie ; (4) 
by bg 3g 


Cy C2 C3.~«C«* 


where €1, €2, €3 and e4 are mutually orthogonal vectors (coordinate direction vectors) satisfying 
equations 
ei Neg \e3 = €4 , €C2Ne€3 AN €4=—€1 ,e3Ne4\ €1 = —€2 , C4 AN C1 A €2 = —€3. 
Proposition 3.2. Let a = (a1, d2,a@3, a4), b = (b1, b2, bs, bs), ¢ = (C1, C2,¢3,¢C4) and d = 
(dy, d2,d3,d4) be vectors in E}. From the definition of vector product, there is a property in 


the space E$ such as 
g(aN bAc,a) =g(aAbAc,b) = g(aAbAc,c) =0. (5) 


Proof of above proposition is elementary. Using definition, it can be easily obtained. 


84. A method to calculate Frenet apparatus of partially 


null curves in E5 


Let a = a(s) be a partially null unit speed curve in £3. By means of Frenet equations and 
Theorem 2.1, let us calculate following differentiations respect to s. 


da 


d2 
_ =a"(s) =KN. (7) 
S 
da mr 2 ! 
a = (s)=4K°T +4N4 «7B. (8) 


Using (7), we easily have first curvature and principal normal, respectively, 





r= lla’(s) (9) 
w=2) (10) 


Considering (4), we form following expression 


—-T -N By By 
1 0 Oo 0 

TANAQ” =— = kTBo. (11) 
0 1 0 0 


K Ko UkT OO 
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Taking the norm of both sides, we get second curvature and second binormal as 


TAN Aa" 
= ——__. 12 
2 PAN AG? 02) 

|TAN Aa” | 
= (13) 

I|o”’|| 
And, last using vector product we have first binormal as follow: 

By =NATABy. (14) 


§5. Determination of Frenet apparatus of partially null 


involute-evolute curve couples in E 


Theorem 5.1. Let y and 6 be partially null unit speed curves in E$ and y be evolute of 6. 
The Frenet apparatus of » ({Ty, Ny, Biy, Bay, ky, Tp, %~}) can be formed by Frenet apparatus 
of 6 ({T, N, Bi, Bo, K, 7, o}). 

Proof. From Theorem 2.1 we know that o, = 0 = 0. Then, considering definition we 
write that 


p=otdT. (15) 


Definition of involute-evolute yields that T,  T’. Using this and differentiating (15) respect 
to s, we have 
dX 
1+ =0. (16) 
ds 
Thus, we easily find \ = c— s, where c is constant. Rewriting (15) and differentiating it, 
we get 
d 
Tye =(c—s)KN. (17) 
Taking the norm of both sides of (17), we obtain 





TiN (18) 
and 
dy ds 
= = _ 1 
If ds (c— s)kK (19) 








Considering presented method we calculate following derivatives. (Here ’ denotes derivative 
according to s) 


pg" =(e—s)K°T + [(e— s)K’ — x] N+ (c— s)e7 Bh. (20) 
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gl" = [-2n? +3(ce- s) KK] T+ [—2n" +(c—s)K3+(ce- s)K”] N 








(21) 
+ [-2K7 + 2(c— s)K’7 + (c— 8)K7'] By 
(20) gives us first curvature and the principal normal of y as 
= 24 / 24 2 e272 
Ky (c — s)?K4 — [(c— s)K! — K]” + (C— 8)?K?27 (22) 


and 








Nee (c— s)K?T + [(c— 8)K’ —K] N+(c—s)KTBy (23) 


J (c 8)?K4 [(c s)K/ K]? + (c = 3)2x272 a 











The vector product of T, A Ny A y” implies that 


— ¢)2~4 ! 
Ty \NoA yl" _ —s (=) Bo. (24) 
2 


Taking the norm of (24) and considering (22), we have second curvature and second binor- 


mal of y 
— 9)2 4 ! 
r= One" (2) cs 
Ky kK 
and 
Bye os, (26) 
Let us form 
—T —N By By 
1 — s)k? —s)k’—kK (c—s)KT 0 
MAR a Oe se (27) 
Ky 0 1 0 0 
0 0 0 1 


And therefore, we have 





Biv => [ TT KBy] (28) 
K 
This result completes the proof. 
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81. Introduction and result 


The Nérlund numbers JN,, and the Bernoulli polynomials BY (2) of order k are defined, 
respectively, by (see [1], [4], [7]) 


co 





t i 
=, Nn—, 1 
(1 + #) log(1 + t) dX n! (1) 
and 
t k oo és yr 
oe = B =; 2 
(aq) = Lares () 
The numbers BMY) = B® (0) are the Bernoulli numbers of order k, BS) = B,, are the 
ordinary Bernoulli numbers, and b,, = ae (1) are the Bernoulli numbers of the second kind. 


By (1) and (2), we can get: (see [4], [7]): 
N, = BM. (3) 


Stirling numbers of the first kind s(n,&) can be defined by means of (see [1], [3], [5]) 


n 


a(e—1)(a—2)---(2-n+1)=)° s(n, k)2*, (4) 


k=0 
or by the generating function 


Co 


(log(1 + x))* = kl N° s(n, k) 


n=k 


x 


nm 
ni? 
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It follows from (4) or (5) that 





s(n,k) = s(n—1,k —1) —(n—1)s(n—-1,k), (6) 
with s(n,0) = O(n > 0), s(n,n) = 1,8(n,1) = (-1)""1(n — 1)\(n > 0), s(n, k) = O(k > n or 


k <0). 
Stirling numbers of the second kind $(n,k) can be defined by means of (see [1], [3], [5]) 


a” = S° S(n,k)2(x—1)(« -2)---(w@—-k+1), (7) 
k=0 


or by the generating function 





(e? —1)* =KY- S(n, be, (8) 
n=k : 
It follows from (7) or (8) that 
S(n,k) = S(n-1,k-1)+kS(n-1,k), (9) 


with S(n,0) = 0(n > 0), S(n,n) = 1, S(n,1) = 1(n > 0), S(n,k) = O(k > n or k < 0). 
Associated Stirling numbers of the first kind d(n, k) and associated Stirling numbers of the 
second kind b(n, k) are defined, respectively, by (see [1], [3]) 


Co 





(log(1 +2) —2)* =k! i (-1)""*d(n, be, (10) 
n=2k . 
and - 
(e?-1-2)*= kt b(n, k) (11) 
n=2k , 
It follows from (10) and (11) that 
d(n,k) = (n —1)d(n —2,k — 1) + (n—1)d(n—1,k), (12) 


with d(n,0) = O(n > 0), d(0,0) = 1, d(n, 1) = (n—1)!(n > 1), d(n,k) = 0(2k > n or k < 0). 
and 





b(n, k) = (n — 1)b(n — 2,k —1) + kb(n —1,k), (13) 


with b(n, 0) = 0(n > 0), b(0,0) = 1, b(n, 1) = 1(n > 1), b(n, k) = O(2k > n or k < 0). 
In [7] the following recurrence formulas for Nérlund numbers JN,, are found: 


n-1 a n 
nNn _ (—1)* Ne ING = n Nr 
a) a eres =) nt kb} kl 


k=0 





Howard [2], on the other hand, obtained relationships between Norlund numbers N,, and 
Stirling numbers of the first kind s(n, k), and the Bernoulli numbers of the second kind by: 





n [n/2] 
(—1)* s(n, k) 1 s(n + 1,2k +1) 
Nay NS 
. » k+l? nd k+1 
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and 
Nn =m! S—(-1)"*be, bn = Nn + MNp-1. 
k=0 
In [6], Liu obtained some computational formulas for Nérlund numbers N,,: 
n—-1 
— 1)!d(n +k, k) 
= ! an 1- ae ’ 
Nn HN: Ne A (n + k)! 2 





” an 
Nn = > oar” +k,n)S(n,k), 





se n 2n 
Nz= el eras ; (, . 1) Sin hit), 





Nn = 





b(n + k, k). 





n 
n+k 
The main purpose of this paper is that to prove an computational formula for N6rlund 


numbers. That is, we shall prove the following main conclusion. 
Theorem. Let n > 1 be integers. Then we have 


n—1 


_ n 2's(njn—1) a (n pnel 
= 27(1 — 2”) op n—l 2 (") : oe) 


§2. Proof of the Theorem 


k k 
t 2 Ps 
(=) =2 (a7) (e +1)* 


k k 
k 2t 
—k rt 
& (7) (aaa) 


Be 
- 





Proof. Writing 








we form the Abel convolution of 


(ae 








and 
=r 
m=0 
Then 
k k °° 
t 5 k k n\ t” 
= g-k 9! pl ),.m can 
(=a) (EE 2s 


= 3: (#50 (Fae 5° (2) a. ) a 
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whence 


n—-1 


k 
k 
BE =2*Y & BS (*) pr—l 4 on—k plk)ok 
l=0 r=0 


on separating the term with | =n. Hence 


n—-1 

















k 
1 n k k = 
Be) = 9! Bl ) n U 1 
n maa D (i) fs Pa ia (15) 
1=0 r=0 
Using the known formula ([7]) 
n) U(n-1-D! 
Bi ) = o ) s(n,n—l) (L<n), (16) 
(n —1)! 
in (15) completes the proof of Theorem. 
Remark 1. Taking & = 1 in (15), we have 
1 n-1 i 
Bn => 2' By. 17 
a5) ey 
Remark 2. Taking k =n+1,n+2,--- in (15), and note that (16) and 
Bott) = (—1)"al, 
1 1 1 
(n+2) _ (_1)"m! i Pages 
Br oe ( a3 n+ :) 
(see [7]), we have 
n—-1 n+1 cl 
Ysa t1n+1-) > ( ja = (-1)"nl2"1(1 — 2"), (18) 
r 
1=0 r=0 
n-1 n+2 
g! 1-1 2 
ye Gy ("* je 
n+1 r 
l=0 r=0 
1 1 1 
— (_1)"plon+2 n po... 4 : 1 
(—1)"nlat2(1 2") (1 ae =) (19) 
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College of mathematics, Tianshui Normal University, Tianshui, Gansu, 741000, China 
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Abstract A Q(Sk,Cs,,Csz,-++ ,Cs,) graphs be a graph abtained from 5S; whose every one 


degree vertex attached one cycle C;(i = 1,2,--- ,k). In this paper, we determine the lower 
and the higher bound for the Merrifield—simmons index in Q(Sx,C's,,Cs.,°-++ ,Cs,) graphs in 
terms of the order k, and characterize the Q(Sk,Cs,,Cs.,:-+ ,Cs,) graphs with the smallest 


and the largest Merrifield—simmons index. 


Keywords Q(Sk,Cs,,Cs.,--+ ,Cs,) graphs, o—index or Merrifield—Simmons index. 


81. Introduction 


Let G = (V,F) be a simple connected graph with the vertex set V(G) and the edge set 
E(G). For any v € V,Ne(v) = {u | uv € E(G)} denotes the neighbors of v, and dg(v) = 
| Ne(v) | is the degree of v in G; Ne[v] = {v} U Ne(v). A leaf is a vertex of degree one and 
a stem is a vertex adjacent to at least one leaf. Let EC E(G), we denote by G— E’ the 
subgraph of G obtained by deleting the edges of E’.W C V(G), G— W denotes the subgraph 
of G obtained by deleting the vertices of W and the edges incident with them. If a graph G has 
k 


components G1, G2,--- ,Gz, then G is denoted by U G;. P, denotes the path on n vertices, 
i=1 
C;, is the cycle on n vertices, and S;, is the star consisting of one center vertex adjacent to n—1 


leaves and T;, is a tree on n vertices. 

For a graph G = (V,E), a subset S C V is called independent if no two vertices of S$ 
are adjacent in G. The set of independent sets in G is denoted by I(G). The empty set is 
an independent set. The number of independent sets in G, denoted by o—index, is called the 
Merrifield — Simmons index in theoratical chemistry.the Q(5;,Cs,,Cs,,°°+ »Cs,) graphs is 
abtained from S; whose every one degree vertex attached one cycle C,,(¢ = 1,--- ,k). 

The Merri field— Simmons index [1-3] is one of the topogical indices whose mathematical 
properties were studied in some detail [4-12] whereas its applicability for QSPR and QSAR was 
examined to a much lesser extent; in [2] it was shown that o—index is correlated with the 
boiling points. 

In this paper, we investigate the Merri field— Simmons index on Q(S%,Cs,,;Cs.,°++ » Cs, ) 


> Us, 


graphs. We characterize the Q(S;,Cs,,Cs,,+-* ,Cs,) graphs with the smallest and the largest 
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Merrifield-Simmons index. 


§2. Some known results 


We give with several important lemmas from [2-6] will be helpful to the proofs of our main 
results, and also give three lemmas which will increase the Merrifield-Simmons index. 
Lemmaz2.1.) Let G be a graph with k components G),G2,--- ,Gx, then 





Lemma 2.2.!4] For any graph G with any v € V(G), we have o(G) = o(G—v)+o(G—[v]), 
where [v] = Ne(v) Uv. 

Lemma 2.3./5] Let T be a tree, then F,42 < o(T) < 2°"! +1 and o(T) = Fri if and 
only if T & P, and o(T) = 2”-! +1 if and only if T & Sp. 

Lemma 2.4.5] Let n = 4m + i(i € {1,2,3,4}) and m > 2, then 
o((Pr,v2,T)) > o((Pn,va,T)) > +++ > O((Pr,Vamtap,T)) > +++ > O((Pa,vam41,T)) > 
o((Pn,v3,T))> o((Pr,v1,T)), where p= 0 ifi =1,2 and p=1 if i =3,4. 








1 5 1-5 
Lemma 2.5.!] Let a = == and 6 = “ and by definition of Fibonacci number 
F,, and Lucas number L,,, we know 
a” — Bp” 1 
Fy = — — In = a + ” Fn Fim = (Ln m — (—1)”- Lm_—n)- 
ze B = (Entm —(-1)"*Em-n) 


Lemma 2.6. Let G is Q(S3, Cs, Ci, Ch) graphs with n vertices, then 
a(Q(S3,Cs,Ci,Cr)) = (Pasa + Fei) Pigs + Fie) (Praga + Pra) + Fe Fi Fs. 
Proof. From the lemmas 2.1 and 2.2, we have 





0(Q(S3, C's, Ci, Ch)) = LeLiln + Fs41Fi41Fh4i. 


From the lemma 2.6, we have Ly = P41 + Fs—1, £1 = Fr4i + Fi-1, Lp = Fh4i t+ Fh-1i, so 
a(Q(53,Cs,Ci,Cp)) = (Ps41 + Fs—1)(Fi41 + Fi-1)(Pagi + Fh-1) + Pog Fi4i Fist. 


@., @. @., 

e Cs, e e Cs, e ae es, ‘ 

Chg Cages eter 
G 


Cs.4...+8~—4h+4 Cort. tsp—Bh43 


Gy Go 


Picture 2.1 
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Lemma 2.7. Let G = C;, UCs;, U---UCs, graphs and Gy = CyU Cy, U---UC4U 
Co, 4594+--+8,—4(k—-1) graph as shown picture 2.1 where k — 1 are numbers of C4, then o(G,) > 
o(G) and o(G,) = o(G) if and only if G, =G. 
Proof. If k = 2, then 
o(G) = Ls, Ln—s, 
= (Fs,41 + Ps,-1)(Fn—si41 + Fn—s:-1) 
= Pega Pasi + Ps, 41Fn—s,-1 + Fs,-1F ns, 41 + F's)-1 FP n—sy-1 
= 2[(Ln+2 + (-1)**Ln—25,) + (Ln + (-1)* En—25,-2) + (En + (—1)" Ln—25, +2) 
+(LIm—2 + (-1)*! Ln_2s, )] 
= =[(Lnpo + 2Lyn + Ena) + (—1)*(2Ln_25, + Ln—25,-2 + En—2s,42)]- 
From above, we know that the result is correct if kK = 2. We presume that the result is correct 


if K =k, then if K =k+1, we have 
k+1 


o(@) = [J Cs.) 

















k 
= II a(Cs,) ‘ T(Csysa) 


EOD ities tertile dey naa 
a(Gi) = Dd eee ee eto ee 
o(Gi) — o(G) = DEL sy +59-4---+5441—4k = ET Logica achey ap ay eiees 
= Lg" (LaLs,+504---+5n41-46 — Loy pent--t5n—M(k—1) Lous) 
= ie at Piette in Ae a ma aa 





—_ (p81 tsete+5~—4(k-1) 81 +82+---+5,—4(k—-1) Sk41 Sk+1 
(a +8 }(amee pp) 








SU a sag ieee pa 1 Die Gas st a ey) 
> 0. 
From above, we know that the result is correct. 
Lemma 2.8. Let G = Cs, UCs, U---UCs, graphs and Gg = C3 UC3 U---U C3 U 
C5, 4594+---+8.—3(k—-1) graph as shown picture 2.1 where k — 1 are numbers of C3, then 
a(G) > o(G2) and o(G) = o(G2) if and only if Gz =G. 
Proof. If k = 2, from the lemma 2.7 we know that the result is correct. 


We presume that the result is correct if kK = k, then if K = k+1, we have 
k+1 


k 
a(G) = Il a(Cs,) = [[ os.) ¢O\O gag) 2 gaat roe eet ae Se 
i=1 i=l 
o(G2) = i] eee eee ee 
a(G) aa o(G2) 2 |B geal ne ene) eat re ~~ 5s Oa oe ee gr 


k-1 
=L; (Dies Hedy at epes _ Dalit ee ttapes ae) 
= LE (gti teot tener) fe Goitsattse—3(k—-1) (gSet1 4 G8e+1) 


—(a3 + GP \(qit teat rae ok a i aa ali. || 
a De De eset og ies + (-1)8**1D,, + 59 +--+ +5, —3k —3 — 8x41) 
> 0. 
From above, we know that the result is correct. 
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§3. The graph with the largest Merrifield-Simmons index 
in Q(Sk, Cas Cams a) Ca) graphs 


In this section, we will find the Q(S%,Cs,,Cs,,°°- Cs, ) graphs with the largest o—index 
in Q(S%,C's,,Cs.,°+* »Cs,) graphs. and give some good results on orders of o—index. 

Definition 3.1. Let Q(S;,Cs,,Cs,,-°+ ,Cs,) graphs be a graph abtained from S; whose 
every one degree vertex attached one cycle Ci(i = 1,2,--- ,&) as shown Picture 3.1. 





Cyd Pep Absa 
Q(Sk, Csi; Cra) vee Cs,) Q(Sk, C4, oaeg C4, Cit ate Ate 1) 


Picture 3.1 

Remark: Above graphs will be used frequently in this paper. 

Theorem 3.1. Let s is constant and | = 4j + 7,7 € {1,2,3,4} and j > 2. Then 
o(Q(Ss, Cs, Ca, Ca—s_s)) > 0(Q(S3, Ce, Co, Cn—e-1)) 
Se DS a OQ Ss; Ca, Coppa, Caiaag—9p-1)) > 0(Q (83, Cay Capa, Cog 27-9) 
>+++ > o(Q(S3, Cs, C5, Cn—s—6)) > (Q(S3, Cs, C3, Cn—s—a)), 
where p= 0 ift=1,2 and p=1 if7=3,4. 

Proof. From Lemma 2.6, we have 
a(Q(53, Cs, Cr, Cn_s—t_1)) 

= (Faga + Fo) Pisa + Fit) Pana + Pa—s—i-2) + Fag Fini Fn—s-i 

= Pepi Fig Pn—s-i + Fs41Figi Pn—s—1-2 + Psp i Pi-1Fn-s-i + Fs414i-1F n—s-i-2 

+H Plat Pi to + Pe ae ea i i 

From Lemma 2.5, we have 

o(Q(S3,Cs,Ci, Cn—s—i-1)) 
= = Fea (En—o4t — (-1)* Lg e—ai-1) + Fog (Ln—e-1 — (—-1)4* Ln—s—21-a) 
+F541(ELn—s—1 — (—1) 1 £n—s—ai41) + Fs—1(Ln—s41 — (—1)'t'Ln—s—2i-1) 
+F—1(Ln—s—1 — (—1)'7*£y—s—2ig1) + Fs-1(Ln—s—1 — (—1)'4*Ln—s—ai-3) 
$F 41(Ln—s—3 — (—1)' 1 Ly—s—2i-1) + Fs—1(LZn—s—3 — (-1)7*Ln—s—2i1-1)] 
* (QF e41Ln—o41) + (2Fo41Ln-o-1) + (Fo-aLn—ota) + (2Fs1En—0-1) 
+(Fs41Ln—s—3) + (Fs-1Ln—s—a) + (-1)'(8F 541 2n—s—2t-1 + Fs412n—s—2i-3 
To al Oe Pel ae ae a pe Pe gg) | 
From above, we know that the result is correct. 

Theorem 3.2. Let s = 2j + 7,7 € {1,2,3,4} and j > 2, then 
a(Q(S3, C4, C4, Cn—9)) > o(Q(S3, C6, Ca, Cn—11)) 
> +++ > 0(Q(S3, Coj+2p, Ca, Cn—2j-2p-5)) > 7(Q(S3, Caj41, C4, Cn—2j-6)) 
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>-++ > 0(Q(S3, C5, C1, Cn—10)) > o(Q(S3, C3, C4, Cr—s)), 
where p= 0 ift=1,2 and p=1 if7=3,4. 
Proof. From lemma 2.6, we have 
o(Q(S3, C's, Ca, Cn—s—s)) 
= 2F 41 Fs Fn—s—a t+ Psp. Fs Pn—s—6 + Fs41 FP 3Fn—s—a + F's-1P5 Ff n—s—a 
+251 F3Fn—s—a + P's—1 F's Fn—s—6 + F's4i1 f3Fn—s—6 + P's—1f3Fn—s—6 
= 12F 341 Fy—-s—a + TP s—1 Py—s—a + TPs41 FP —s—o + TPs—1 FP n—s—e 
= F[12En-s OW ac TO Be | See se es 
+7(Ln—s — (—1)*t* Ln—2s—7) + 7(En—7 — (-1)*"En—-25-5)| 
= S[(12Ln-s aa eee og ee 
+(-1)§(19Ln—2s—5 + TEn-as—3 + TLn—2s-7)]. 
From above, we know that the result is correct. 
Corollary 1. The Q($3,C.,C;,Cn—s—i_1) graphs with the largest o— index is 
Q(S3, C4, C4, Cn—9). 
Theorem 3.3. Let n > 4k, then 
o(Q(Sk,Cs,;Cso5°+* »Cs,)) < (QS, Ca, +++ » C4, Cs, 4594-45, —4h-+4)) and 
a(Q(Sk,Cs,,Cs.,°°+ »Cs,)) = 0(Q(Sg, Ca, +++ Ch, Cs, 4so4--+5,—4k+4)) if only and if 
OS Cag Cage ad) = OS Cae Oi Ca pet ae, apa) 
Proof. If kK = 3, we have proofed that the result is correct. We presume that the result is 
correct, if K =k, then if K = k+1 we have 
O(Q(Sk41,Cey3Cs95°** Con 4s)) 
= 0(Q( Spay C59 Cogs * Cag) — 0) Pol Q( Seis Cay 4 Cons ** oC agua) — [O)) 
0 ee ee ere ey cD ad eee neem Tees eee 
































SO Dette eddy ARP ogy i 

OOS pga Cage (Cay Cag ta ten pay ie) 
im LiLo +50+--+sx41—4k + js Eee ae eee EET 

o(Q(Sk41, C4, pee »C4, C5, -459-+---+5n41—4k)) = o(Q(Sk41; C545 Caa3 ae Caan) 
SE aap te ttalcy sae Dag hag eeida ta eget A Eg) 














k-1 
Tes CPs Foray haat ~ Fs,+52 be +S~—4k-4 BE say t 1) 
= FrR—l s 
—_ Ly (Caee renee ape a _ (=) uae ire rene eae re ae ae 





k-1 
+55 heist dager apo’ _ (SFL g, eg hni pay dd pd) 
k-1 k-1 i 
= (Ly _ F; (Cie cmer eer) ae — Ga ier cere Toes | > 0. 
From above, we know that the result is correct. 


§4. The graph with the smallest Merrifield-Simmons index 
in Obi. Cs Cina es Cz) graphs 


In this section, we will find the Q(Sx,Cs,,Cs.,--++ , Cs, ) graphs with the smallest Merrifield- 
Simmons index. 

Theorem 4.1. Let s = 2j + 7,7 € {1,2,3,4} and j > 2, then 
a(Q(S3, C4, C3, Cn—s)) > o(Q(S3, Ce, C3, Cn—10)) 
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> +++ > a(Q(S3, Coj+2p, C3, Cn—2j-29-4)) > F(Q(S3, Caj341, C3, Cn—2j—5)) 
> +++ > o(Q(S3,Cs5, C3, Cn—9)) > o(Q(S3, C3,C3,Cr—7)), 
where p= 0 ift =1,2 and p=1 if7=3,4. 
Proof. From lemma 2.6, we have 
a(Q(53, Cs, C3, Cr_s—a)) 
= 241 Fa Fn—s—3 + Psy FaPn—s—s + Fs41 Fo Fn—s—3 + Ps—1FsFn—s—3 
+P s_1 Fo Fy—s—3 + Fs—1 Fa Fn—s—s + Fs4i1 Fo Pn—s—5 + Fs—1FoFn—s—s 
= 7F41Fy—s—3 + 4Ps41 FP p—s—5 + 4Fs—1Fn—s—3 + 4P's_1 FP n—s—5 
Sy Cc a AG a) 
t4(Ln—a _ (—1)**" Ln—ae-2) Tv A(Ln-6 = (—1)*"" Ey—oe-4)] 
el eee a ee ee 
T(t iy- do a, gs Sh 
From above, we know that the result is correct. 

















Ol rR 











C5, 4...455—3k+3 


Q(Sk, C511 Cs; vat Cs) Q(Sk, Cs, ee Cs, Cot chy a) 


Picture 4.1 

Theorem 4.2. Let n > 4k, then 
PAO) 5 Gg. 5, agg? 4 Cag) 2 OO Sp, Ca, + (Ca, Ca ig dep ggg )) and 
GOS Oy, Conse {05,)) = 0 Q(B Os,0+% Os, Oo on duckei ante) 
if only and if Q(S%,Cs,;Cs2,°** » Cay) = Q(Sk, Ca, C3,°++ Coy 4504---+5,—3k+3)- 

Proof. If kK = 3, we have proofed that the result is correct. We presume that the result is 
correct, if K = k, then if K = k+1 we have 
OVEN Sy Ogg C gga??? oC t)) 

= 0(Q(Sk41,Cs1,Csa5°** + Cougs) — ¥) + O(Q(Sk41 Coys Csa°** + Csn41) — [v]) 

= (eg Cagis eaten BGA ae ee ere or) eee) 

















my Sia ere emcee et eee 
C(O Sigs Cag Cay Cay tpg tae 8k) 
Sigs diss peotag yy Ba EY Peg tetas ae PI 
T(Q (Seta, Cg, °°? 435 Cop pes tania) — C(O Seda Cars Cogs? 4 Conga )) 


k-1 
< Ls eee eeeoree meee errr _ Digi ties tsday: BRIO Papacy tt ar Pegag=t)| 











k-1 
aoe (Pa ay 4 ay uideay og Bhd = Patera St pa Feast) 


Skt1 J, 


k-1 
= Ls Goer rere ere — (=) Career eee se rere 
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k—-1 
apt (Deg teetod age te 8 a (RO Dig ee ecla aaa) 
k-1 k-1 b 
(Ls ~ Fy DD alg _ CL ig firs age Wed 3) <0. 


From above, we know that the result is correct. 
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Hohhot 010051, P.R.China 


Abstract For any positive integer n > 3, if n and n+ 2 both are primes, then we call that 
n and n+ 2 are twin primes. In this paper, we using the elementary method to study the 
relationship between the twin primes and some arithmetical function, and give a new critical 


method for twin primes. 


Keywords The Smarandache reciprocal function, critical method for twin primes. 


81. Introduction and result 


For any positive integer n, the Smarandache reciprocal function S.(n) is defined as the 
largest positive integer m such that y | n! for all integers 1 < y<_m, and m+1{n!. That is, 
S-(n) = max{m: y|n! for alll <y<m, and m+17n!}. From the definition of S.(n) we 
can easily deduce that the first few values of S,(n) are: 


S.(1) =1, S-(2) =2, S,(3) =3, S.(4) =4, $.(5) =6, S.(6) = 6, 
S.(7) = 10, S-(8) =10, S.(9) = 10, S.(10) = 10, S,(11) =12, S.(12) = 12, 
S.(13) = 16, S-(14) =16, S3(15) = 16, S.(16) = 16, S.(17) = 18, ------ 


About the elementary properties of S.(n), many authors had studied it, and obtained a 
series results, see references [2], [3] and [4]. For example, A.Murthy [2] proved the following 
conclusion: 

If S.(n) = x and n 43, then «+ 1 is the smallest prime greater than n. 

Ding Liping [3] proved that for any real number x > 1, we have the asymptotic formula 


Sen) = 5-2? +0 (a8). 
n<ax 


On the other hand, Jozsef Sandor [5] introduced another arithmetical function P(n) as 
follows: P(n) = min{p: n |p!, where p be a prime}. That is, P(m) denotes the smallest prime 
p such that n | p!. In fact function P(n) is a generalization of the Smarandache function S(n). 
Its some values are: P(1) = 2, P(2) = 2, P(3) = 3, P(4) = 5, P(5) = 5, P(6) = 3, P(7) =7, 
P(8) = 5, P(9) =7, P(10) = 5, P(11) = 11, ---. It is easy to prove that for each prime p one 
has P(p) = p, and if n is a square-free number, then P(n) = greatest prime divisor of n. If p 
be a prime, then the following double inequality is true: 


2p+1< P(p?) <3p-1 (1) 
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and 


S(n) < P(n) < 2S(n) —1. (2) 


In reference [6], Li Hailong studied the value distribution properties of P(n), and proved 


that for any real number z > 1, we have the mean value formula 


¥ (Pm Pin)? = 2 -¢(3) 2 , o( - ) 


2 
a lIn* x 





where P(n) denotes the largest prime divisor of n, and ¢(s) is the Riemann zeta-function. 

In this paper, we using the elementary method to study the solvability of an equation 
involving the Smarandache reciprocal function S.(n) and P(n), and give a new critical method 
for twin primes. That is, we shall prove the following: 

Theorem. For any positive integer n > 3, n and n +2 are twin primes if and only if n 


satisfy the equation 


S.(n) = P(n) +1. (3) 


§2. Proof of the theorem 


In this section, we shall prove our theorem directly. First we prove that if n (> 3) and 
n+ 2 both are primes, then n satisfy the equation (3). In fact this time, from A.Murthy [2] we 
know that S.(n) =n+1 and P(n) =n, so S.(n) = P(n) +1, and n satisfy the equation (3). 

Now we prove that if n > 3 satisfy the equation S.(n) = P(n) +1, then n and n+ 2 both 
are primes. We consider n in following three cases: 

(A) If n = q be a prime, then P(n) = P(q) = q, and S.(q) = P(q)+1=¢+1, note that 
q > 3, so from [2] we know that q¢+ 2 must be a prime. Thus n and n+ 2 both are primes. 

(B) If n = q*, q be a prime and a > 2, then from the estimate (2) and the properties of 
the Smarandache function S(n) we have 


P(q*) < 2S (q*) —1 < 2aq-1. 
On the other hand, from [2] we also have 
Se(q*) > q* +2, ifg>3; and S.(2%) >2%+1. 
If S.(¢*) = P(q%) +1, then from the above two estimates we have the inequalities 
g° +3 < 2aq (4) 
and 
2° +2 < da. (5) 


It is clear that (4) does not hold if g > 5 (¢ = 3) and a > 2 (a > 3). If n = 3?, then 
S-(9) = 10, P(9) = 7, so we also have $.(9) 4 P(9) +1. 
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It is easy to check that the inequality (5) does not hold ifa > 4. S.(2) 4 P(2)+1, 
S.(4) 4 P(4) +1, S.(8) 4 P(8) +1. 

Therefore, if n = q*, where q be a prime and a > 2 be an integer, then n does not satisfy 
the equation (3). 

(C) If n = pf - pg? ---pe*, where k > 2 be an integer, p; (i = 1, 2, ---, k) are primes, and 
a; > 1. From the definition of S.(n) and the inequality (2) we have S.(n) > n and 


P(n) < 28(n) -1=2- mae Gy jpa lees max {aupi} ae 
So if n satisfy the equation (3), then we have 
n<S.(n) = P(n)+1<2-S(n) <2: max {aap} 
Let max {oupit =a-pandn=p*-n,, n; > 1. Then from the above estimate we have 
p -ny <2-a-p. (6) 


Note that n has at least two prime divisors, so n; > 2, thus (6) does not hold if p > 3 and 
a> 1. If p= 2, then n; > 3. In any case, n does not satisfy the equation (3). 
This completes the proof of Theorem. 
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81. Introduction 


An investigation of relations between spaces with countable networks and images of sepa- 
rable metric spaces is one of interesting questions on generalized metric spaces. In the past, E. 
Michael [9] proved that a space is an No-space if and only if it is a compact-covering image of 
a separable metric space. Recently, Y. Ge sharpened this result as follows. 

Theorem 1.1.((3], Theorem 12) The following are equivalent for a space X. 

(1) X is an No-space. 

(2) X is a sequence-covering, compact-covering image of a separable metric space. 

(3) X is a sequentially-quotient image of a separable metric space. 

Taking this result into account, the following question naturally arises. 

Questions 1.2. Can “separable metric” , or “image” in Theorem 1.1 be replaced by 
stronger ones? 

In this paper, we affirmatively answer Question1.2 by proving that a space X is an No-space 
if and only if X is a sequence-covering, compact-covering mssc-image of a relatively compact 
metric space. This sharpens the main result in [3]. 

Throughout this paper, all spaces are regular and 7,, N denotes the set of all natural 
numbers, w = NU {0}, and a convergent sequence includes its limit point. Let P be a family 
of subsets of X. Then UP, and ()P denote the union U{P : P € P}, and the intersection 
(iP: P © P}, respectively. A sequence {x,, :n € w} converging to xo is eventually in AC X, 
if {vn :n > no}U {xo} C A for some no € N. 


For terms are not defined here, please refer to [2][13]. 
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§2. Main results 


Definition 2.1. Let P be a collection of subsets of a space X. 

(1) P is a pseudobase of X [9], if for every compact subset AK and K C U with U open in 
X, there exists P € P such that KC P CU. 

(2) For each x € X, P is a network at x in X, if x € ()P, and if « € U with U open in X, 
there exists P € P such that re PCU. 

(3) P is a cs-network of X [4], if for every convergent sequence S converging to « € U with 
U open in X, there exists P € P such that S is eventually in P C U. 

(4) P is a k-network of X [10], if for every compact subset K and K C U with U open in 
X, there exists a finite F C P such that K CUF CU. 

Definition 2.2. Let X be a space. 

(1) X is relatively compact, if X is compact. 

(2) X is a k-space [2], if F C X is closed in X whenever F'N K is closed in K for every 
compact subset K of X. 

(3) X is an No-space [9], if X has a countable pseudobase. 

Remark 2.3. 

(1) It follows from [12, Proposition C] and the regularity of spaces that a space X is an 
No-space if and only if X has a countable closed k-network (cs-network). 

(2) It is easy to see that “compact metric => relatively compact metric > separable metric” , 
and these implications can not be reversed from Example 2.8 and Example 2.9. 

Definition 2.4. Let f : X —- Y be a mapping. 


(1) f is an mssc-mapping [6], if X is a subspace of the product space Il X», of a family 


nen 
{X,, : n € N} of metric spaces, and for each y € Y, there is a sequence {Vy : n € N} of 


open neighborhoods of y in Y such that each Pn(f—"(Vy,n)) is a compact subset of X,,, where 
Dn: [| — X~y,, is the projection. 

icN 

(2) f is a sequence-covering mapping [11], if for every convergent sequence S in Y, there 
exists a convergent sequence L in X such that f(L) = S. 

(3) f is a pseudo-sequence-covering mapping [5], if for every convergent sequence S in Y, 
there exists a compact subset K of X such that f(K) = S. 

(4) f is a subsequence-covering mapping [8], if for every convergent sequence S in Y, there 
exists a compact subset K of X such that f(A) is a subsequence of S. 

(5) f is a sequentially-quotient mapping [1], if for every convergent sequence S in Y, there 
exists a convergent sequence L in X such that f(L) is a subsequence of S. 

(6) f is a compact-covering mapping [9], if for every compact subset K of Y, there exists 
a compact subset L of X such that f(L) = K. 

Theorem 2.5. The following are equivalent for a space X. 

(1) X is an No-space. 

(2) X is a sequence-covering, compact-covering mssc-image of a relatively compact metric 
space. 


(3) X is a sequentially-quotient image of a separable metric space. 
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Proof. (1) = (2). Since X is an No-space, X has a countable closed cs-network P; and 
a countable closed k-network Pz by Remark 2.3. Then P = P, U P2 is a countable closed 
cs-network and k-network of X. Put P = {P,:i¢ N}, and put Q; = {P;:j <i}U{X} = 
{Qa : a € A;}, where each A; is a finite set. Then X € Q; C Qj41. Let every A; be endowed 
with the discrete topology. Put 


M= {a = (aj) € ][4: :{Qa, : i © N} forms a network at some point x, € x}. 
icN 


Then M, which is a subspace of the product space II A;, is a metric space. Since X is T; and 


regular, tq is unique for each a € M. We define f MM — X by f(a) = 2, for eacha ce M. 

(a) f is onto. 

Let « € X. For each i EN, let Qa, = P; if x € P; € Q;, and otherwise, Qa, = X. Then 
a; € A; for each i € N, and {Qa, : i € N} forms a network at x in X. Put a = (a;), thena € M 
and f(a) =. 

(b) f is continuous. 

Let « = f(a) € U with U open in X anda eé M. Put a = (aj) € ][ 4: where {Qa, : 
é € N} forms a network at x in X. Then there exists n € N such that oe Qa, C U. Put 
M, = {b = (8;) € M: By = an}. Then M, is an open neighborhood of a in M. For each 
b € Ma, we get f(b) € Qs, = Qa, C U. It implies that f(M,) CU. 

(c) f is an mssc-mapping. 

Let  € X. For each i € N, put V,,;, = X. Then {V,,; : i © N} is a sequence of open 
neighborhoods of x in X. Since A, is finite, A; is compact. Then p;(f—!(Vz)) = pi(f71(X)) C 
A; is compact. It implies that f is an mssc-mapping. 





(d) M is relatively compact. 
Since A; is finite, A; is compact. Then Il A; is compact, so M C Il A; is compact. It 
icN ieN 
implies that M is relatively compact. 
(e) f is sequence-covering. 
Let S = {am :m € w} be a convergent sequence converging to vp in X. Suppose that U 
is an open neighborhood of S$ in X. A family A of subsets of X has property cs($,U) if: 
i) A is finite. 
ii) Foreach QE A, DAOQNSCQCU. 
iii) For each x», € S, there exists unique Q,,, € A such that xm € Qu,,. 
iv) If r9 € QE A, then S \ Q is finite. 
For each i € N, since A = {X} C Q; has property cs(S,X) and Q; is finite, we can assume 
that 


( 
( 
( 
( 


{A Cc Q;: A has property cs(S,X)} = {Aj : 7 =ni-1+1,..., ni}, 


where no = 0. By this notation, for each j € N, there is unique i € N such that A;; has property 
cs(.S,X). Then for each j € N, we can put Aj; = {Qa:a€ E;}, where E; is a finite subset of 
Aj. 
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For each 7 € N, m € w and x, € S, it follows from (iii) that there is unique ajm € E; 
such that tm € Qaj, € Aig Let am = (Qjm) € [4 Cc [| 4. Then {Qa,,, :j € N} isa 
network at x» in X. In fact, let x, € U with neh in x . If m = 0, then S' is eventually 
in Qz, C U for some Q,, € Q. For each x € S\ Qa, let c € Qe C X \ (S'\ {x}) for some 
Qxz € Q. Then G = {Qz,} U{Qz : 4 € S\ Qz,} C Q has property cs(S,X). Since G is finite, 
G Cc Q; for some i EN. It implies that G = Aj; for some 7 € N and some j € {n;-1 +1,..., ni}. 
Since 2m = Lo © Qajor Qajo = V2. Hence tm = Fo € Qa,. C U. If m #0, then S \ {rm} 
is eventually in Q,, C X \ {tm} for some Qz, € Q. For each x € (S \ {am}) \ Qay, let 
x€ Qe CX \(S\{ax}) for some Qz € Q, and let tm € Qz,, CUN(X \ (S \ {am})) for some 
Quem € Q. Then H = {Qeo} U {Qam}U {Qe : x € (S\ {tm}) \ Quo} has property cs(S, X). 
Since H is finite, H C Q; for some i € N. It implies that 7 = A,; for some 7 € N and some 
gE {ma +1... mi} Sine? tm € Qa; Gorm = Qe,,+ Henee tm € Qo,,, CU- 

By the above, for each m € w, we get dm = (Qjm) € M satisfying f(@m) = tm. For 
each j7 € N, since families 1 and G are finite, there exists m(j) € N such that ajm = ajo if 
m > m(j). Hence the sequence {ajm :m € N} converges to ajo in A;. Thus, the sequence 
{am :m € N} converges to a9 in M. Put L = {ay :m € wh, then L is a convergent sequence 
in M and f(L) = S. This shows that f is sequence-covering. 

(f) f is compact-covering. 

Let K be a compact subset of X. Suppose that V is an open neighborhood of K in X. A 
family B of subsets of X has property k(K,V) if: 

(i) B is finite. 

(ii) QN K #90 for each Q EB. 

(iii) K CUBCV. 

For each 7 € N, since B = {X} C Q; has property k(K,X) and Q; is finite, we can assume 
that 


{B C QO; : B has property k(K, X)} — eer j= Ng-1 + Tis dieg hep 


where no = 0. By this notation, for each j € N, there is unique 7 € N such that 6;; has property 
k(K, X). Then for each 7 € N, we can put B;; = {Qa : a € Fj}, where F; is a finite subset of 
Aj. 

Put L = {a = (aj) € [% : (\(« 1 Qa;) # O}. We shall prove that L is a compact 
subset of M satisfying that *(L) = K hence f is compact-covering, by the following facts (i), 
(ii), and (iii). 

(i) L is compact. 

Since LC Il F, and II Fj, is compact, we only need to prove that L is closed in II fF. Let 


ieN ieN ieN 
a = (aj) € II F;\ L. Then ( (Kn Qa;) =. Since KM Qa, is closed in K for every i € N and 
ieN ieN 
K is compact, there exists ig € N such that () (KN Qoa,;) = 9. Put W = {b= (8) € [4 ; 
i<io ieN 


3; = a; if i < io}. Then W is an open neighborhood of a in II F, and WNL =9. If not, there 
ieN 
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exists b = (6;) Ee WNL. Since b€ L, ()(KNQz,) # (), hence () (KNQs,) #0. Since bE W, 
ieN i<io 
() (KO Qa,;) = () (1 Qe,) #9. This is a contradiction of the fact that () (KN Qa;) = 9. 


i<to i<to 


i<i 
(ii) LC M ond #(L) ek: 
Let a = (aj) € L, thena € [4 and aleaa Qa.) AW. Pick @-e ( (49 Qa,). If 
{Qa, : i € N} is a network at x in then a eM and f(a) =z, hence LC M aba f(L) CK. 
So we only need to prove that {Qa, : 1 € N} is a network at x in X. Let V be an open 
neighborhood of « in X. There exist an open subset W of K such that « € W, and compact 
subsets clk (W) and K \ W such that clk(W) C V and K\W c X \ {a}, where clx(W) is 
the closure of W in Kk. Since Q is a k-network of X, there exist finite families Q; C Q and 
Q2 C Q such that cle(W) C UQ1 CV and K\W CUQ2 Cc X \ {x}. We may assume that 
QQ K #9 for each Q € Q1U Qo. Put L = Q; U Qs, then L has property k(K,X). It implies 
that £ = By; for some i € N and some j € {nj_14+ 1,...,ni}. Since  € Qa, € Bij, Qa, € Q1, 
thus Qa, C V. This prove that {Qa, : 7 € N} is a network at x in X. 

(iii) K Cc f(L). 

Let x € K. For each i € N, there exists a; € F; such that x € Qa,. Put a = (aj), then 
a €L. Furthermore, f(a) = x as in the proof of (ii). So kK C f(L). 

(2) = (8). It is obvious. 

(3) = (2). It follows from [3, Lemma 11]. 

Corollary 2.6. The following are equivalent for a space X. 

(1) X is a k-and-No-space. 

(2) X is a sequence-covering, compact-covering, quotient mssc-image of a relatively com- 
pact metric space. 
(3) X is a quotient mssc-image of a separable metric space. 
Remark 2.7. It follows from Remark 2.3, Definition 2.4, and [3, Lemma 10] that “sequentially- 
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quotient”, “relatively compact metric”, “image” in the above results can be replaced by “sequence- 
covering” (“compact-covering” , “pseudo-sequence-covering” , “subsequence-covering” ), “separa- 
ble metric”, “mssc-image”, respectively. Then Theorem 2.5 sharpens the main result in [3]. 

Finally, we give examples to illustrate the above results. 

Let R and Q be the set of all real numbers and rational numbers endowed with the usual 
topology, respectively. 

Example 2.8. A relatively compact metric space is not compact. 

Proof. Let M = (0,1) C R. Then M is a relatively compact metric space, which is not 
compact. 

Example 2.9. A separable metric space is not relatively compact. 

Proof. Recall that Q is a separable metric space. Since Q = R and R is not compact, Q 
is not relatively compact. 

Example 2.10. A sequence-covering, compact-covering mapping from a separable metric 
space is not an mssc-mapping. 

Proof. Recall that Q is a non-locally compact, separable metric space. Put M = Qx {0} x 


oe X {OPS Il X;, where X; = Q for each i € N. It is clear that M is a separable metric 
icN 
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space. Define f : M — Q by f(z,0,...) =a for each x € Q. Then f is a sequence-covering, 
compact-covering mapping from a separable metric space. If f is an mssc-mapping, then, for 
each x € Q, there exists a sequence {V,,; : 7 € N} of open neighborhoods of z in Q such that 
each pil f—1(Ve.s)) is a compact subspace of X;. Thus, pi(f—1(Ve,1)) is a compact subset of Q, 
so Q is a locally compact space. It is a contradiction. Hence f is not an mssc-mapping. 

Example 2.11. An No-space is not any image of a compact metric space. It implies that 
“relatively compact metric” in the above results can not be replaced by “compact metric”. 

Proof. Recall that R is an No-space. Since R is not compact, R is not any image of a 
compact metric space. 

Example 2.12. An No-space is not any sequence-covering, compact-covering compact 
image of a metric space. It implies that “mssc-image” in the above results can not be replaced 
by “compact image”. 

Proof. Recall that S., is a Fréchet and No-space (see [7], Example 1.8.7, for example). It 
follows from [13, Remark 4] that S,, is not any quotient compact image of a metric space. Then 


X is not any sequence-covering, compact-covering compact image of a metric space. 
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Abstract We settle two conjectures posed by K. Kashihara in his book [1]. The first conjecture 





4 i 1 
states that II (1 ) < for all n; while the second one that the sequence of 
se Pi Pn+1 — Pn 
2 


n n 

general term SE pe / S- pi| is convergent. Here p, denotes the nth prime. We will prove 
i=l i=l 

that the first conjecture is false for sufficiently large n. The second conjecture is true, the 


limit being zero. 


Keywords prime numbers, estimates on primes, convergence of sequences. 


81. Introduction 


Let p, denote the nth prime number. In his book [2], K. Kashihara posed several conjec- 


tures and open problems. On page 45 it is conjectured the following inequality: 


7 1 
Patt — Pn <[] >, (n = 1,2,...) (1) 


i=1 Pi 
A numerical evidence suggests that this inequality may be true for all values of n. However, 
as we will see, for large values of n, relation (1) cannot hold. 


Another conjecture (see page 46) states that the sequence (2,,) of general term 


i, = ———, _ (n>1) (2) 


(>) 


is convergent, having a limit between 1,4 and 1,5. Though this sequence is indeed convergent, 
we will see that its limit is p = 0. 
§2. Proof of the theorem 


An old theorem of F. Mertens (see e.g. [3], p.259) states that 


1 c 
1 ~ ; 
II ( *) see as 0 > OO, (3) 


pSax 
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where c= e~7 (e and y being the two Euler constants). Inequality (1) can be written also as 


IT (: > . = Pn 


, if (4) would be true, then for all ¢ > 0 (fixed) and 





Since the first term of (4) is ~ 








1 1 
n > no we would obtain that —————— > II (1 — ~) > 
Pp 


= tet e = 2S 0, Then 
p 2 


l 
PSPn SB Pn 


1 1 - 2 
, 80 by = ce) < —=K. This means that the sequence of general 
c 


< 
2 “Jog Pn Pn+1 — log Pn 
term (b,) is nee above. On the other hand, a well-known theorem by E. Westzynthius (see 





[3], p. 256) states that lim supb, = +00, i.e. the sequence (b,,) is unbounded. This finishes 
the proof of the first part. 
For the proof of convergence of (z,,) given by (2), we shall apply the result 


l+a 


aa Pa ae ee ©) 





pcx 


due to T. Salat and S. Zndm (see [3], p. 257). We note that for a = 1, relation (5) was 
discovered first by E. Landau. Now, let a = 1, resp. a = 2 in (5), we can write: 











S- per as 1 — 00; (6) 
Rese ae 
and 
p 
DF ss "as n— oo. (7) 
PSPn 8 Pn 
3 log Pn Da 4 logp 
= 2 n n 
Thus, t, = >» a a _ oa 
PSPn me 3 . 
Sp] -4log” pn 
PSPn 


log Dn 


— 0, we get lim 2, = 0. This 
Pn n—- co 


By (6) and (7), the limit of term [...] is 1. Since : 
finishes the proof of the second part. 

Remarks. 

1) An extension of (5) is due to M. Kalecki [1]: 


Let f : (0,+c0) — R be an arbitrary function having the following properties: 





a) f(x) > 0; 6) f(a) is a non-decreasing function; c) for each n > 0, y(n) = lim ae 
zw— Co &. 
exists. 
Put s = log y(e). Then 
1 
y f(p a as © — 00. (8) 





oe a stl 
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For f(x) = «* (a > 0) we get y(n) = n%, so s = a and relation (5) is reobtained. We note 
that for a = 0, relation (5) implies the ”prime number theorem” ([3]) 





~ as ; 
1(x) ines L— 
where 7( => 1 = number of primes < za. 
pox 
2) By eran f(x) = (g(x))*, where g satisfies conditions a) — c) a general sequence of 
n a 
terms fp, = ae g(pi) | may be studied (via (8)) in a similar manner. We omit 
i= 2 i=1 


the details. 


References 


[1] K. Kashihara, Comments and topics on Smarandache notions and problems, Erhus 
Univ. Press, USA, 1996. 

[2] M. Kalecki, On certain sums extended over primes or prime factors, Prace Mat, 8(1963/64), 
121-127. 

[3] J. Sandor et al., Handbook of number theory I, Springer Verlag, 2005. 


Scientia Magna 
Vol. 4 (2008), No. 2, 68-74 


Some properties of the lattice cubic 
A.A.K. Majumdar 


Beppu-shi 875-8577, Oita-ken, Japan 


majumdar@apu.ac.jp aakmajumdar@gmail.com 


Abstract This paper considers some of the properties of the lattice cubic y = 2° . We show 
that the area of any triangle inscribed in the lattice cubic is integer-valued. We find that a 
geometrical problem leads to the Diophantine equation 4p? = (2q¢ + r)? +r?. We study the 


implications of the solutions of this Diophantine equation. 


Keywords Lattice point, lattice triangle, lattice cubic, Diophantine equation 


81. Introduction 


On a two-dimensional coordinate plane, a point is represented by an ordered pair of num- 
bers (x,y). Of particular interest is a lattice point, defined below. 

Definition 1.1. The point (x,y) on the xy-plane is called a lattice point if both x and y 
are integers. 

Throughout this paper, we shall denote by Z the set of all integers, and by Zt the set of 
all positive integers, and by N the set of all positive integers including 0. 

Definition 1.2. A lattice triangle on the xy-plane is one whose vertices are all integers. 
A lattice triangle is called Heronian if its sides as well as the area are all positive integers. 

Definition 1.3. The lattice cubic consists of all points (x,y) on the parabola y = x? such 
that x,y € Z. 

In this paper, we consider some of the properties of the lattice cubic. We show that a 
geometrical problem in the lattice cubic gives rise to a Diophantine equation. Some of the 
properties were studied by Majumdar [1]. Here, we particularly focus on the nature of the 
solution of the Diophantine equation. 


§2. The lattice cubic y = x° 


A lattice triangle APQR, inscribed in the lattice cubic y = 2°, can be described by its 
vertices P(p, p*), Q(q,q?) and R(r,r?), where p,q,r € Z. Without loss of generality, we may 
assume that p<q<r. 





3_ 3 
Now, the slope of the line PQ is Z =q+pq+p" . Since 
q—P 
2 2_1 2 2 
g +pq+p’ = 5 [(2a+p)° + 3p"] 
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for any p 4 0 and q ¥ 0, it follows that the quadratic form q? + pq + p? is positive definite. 


Thus, 
2 





24 
T 


(q° +pq+p")(r? + r+’) >0 


for any p #0 and q 40. But r?4+ gr+q? is the slope of the line QR. It thus follows that no 
right-angled triangle can be inscribed in the lattice cubic y = 2°. 


Again, since 








PQ = V(q—p)? + (@ — p?)? = (¢—p) V1 4 (@ + pg + p?)?, 





and since 1+ (q?+pq+p7)? can not be a perfect square, it follows that no Heronian triangle can 
be inscribed in the lattice cubic y = 2°. However, the area of the triangle APQR is integer- 
valued, as the following lemma shows. 

Lemma 2.1. The area of the lattice triangle with vertices at the lattice points P(p, p*), 
Q(q, q°) and R(r,r?) with p < q <r on the lattice cubic y = 2°, is 





A(p,q,r) = 5( 


Proof. The area of the triangle PQ Ris the absolute value of 


q—pr—gir—p)pt+@e+rl. (1) 


1 p p 

1 

= 3 

5|1 4 
lor 

Now, 
L oo = bs p° 
2 


1 qg @i|Re>Ro-Ri| 0 q-p (q-pv\(¢?+pq+P") 
lr | Rg >R3—Ra|0 r—g (rg)? +ar+¢@) 




















2 2 
qd Par Pp 
= (q-p)(r-4) 
r2+qr+q@q 
which gives the desired result. 
In (1), let 
m=q-p, n=r—gq. (2) 


Then, from Lemma 2.1, the area of the triangle PQR can be written as 
1 
A(p,q,7) = 5mn(m + n)|8p + 2m + nj; pEZ; mneZt (3) 


In [1], we proved the following result. Here, we use a different approach, taking into account 
the possible forms of the integers involved. This form would be helpful in the analysis of the 
possible values of the inscribed triangles later. 

Lemma 2.2. The area of the lattice triangle with vertices at P(p, p*), Q(q, q@°) and R(r, r?) 


A(p,q,r) = 3£ 
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for some £ € Z. 
Proof. By (3), the area of the triangle PQR can be expressed as 


1 
A(p,q,7) = smn(m +n) 3p + 2m + mJ; pEeZ; mneZt (4) 


We consider the following nine possibilities that may arise : 
(1) m= 3k, +1, n= 3kq+1 for some integers k,,k2 > 0. In this case, 








A(p,@,r) = 5( 


(2) m= 3k, +1, n= 3k2+2 for some integers k,,k2 > 0. In this case, 


3ky + 1)(3k2 + 1)[3(k1 + ka) + 2] |p + 2k + ke +1). 


3 
A(p,qr) = 3 (3k + 1)(3k2 + 2)(ky + ko + 1)|3(p + 2k + ke) +4]. 


(3) m= 3k, +2, n= 3kq+1 for some integers k1,k2 > 0. In this case, 


3 
A(p, 4,7) = 3 (Bk + 2)(3k:2 t 1)(ky + ko 4 1)|3(p + 2k; 4 kg) t 5|. 


(4) m= 3k, +2, n= 3kq+2 for some integers k1,k2 > 0. In this case, 











3 
(5) m= 3k1, n= 3k2+1 for some integers kj > 1,k2 >0. In this case, 
3 
A(p,q,7) = 51 (Ska + 1)[3(k1 + ke) + 4]|3(p + 2k + ke) + 1]. 


(6) m= 3k, +1, n= 3kg for some integers ky > 1,k2 >0. In this case, 





(7) m= 3k1, n= 3k2 +2 for some integers kj > 1,k2 >0. In this case, 


3 
A(p,q,7) = 5 ki (Ska + 2)[3(ki1 + ko) + 2]|3(p + 2k1 + ke) + 2I. 


(8) m= 3k, +2, n= 3k for some integers ky > 0,k2 >1. In this case, 





A(p,4q,7) = (Bk + 2)kel3(k + ky) + 2]|3(p + 2k, + kz) + 4]. 


(9) m = 3k1, n= 3k for some integers ki, k2 >1. 
In this case, 


34 
A(p, 4.) = > kaiko(ka + ka)|p + 2k + ko). 


Thus, in all the cases, A(p,q,1) is a multiple of 3, establishing the lemma. 

By symmetry, if A(p,q,r) = 3@ then A(—p,—gq, —r) = 3@ that is, the area of the triangle 
with vertices P’(—p,—p*), Q'(—q, —q°) and R(—r, —r°)is also 30. Now, given any integer > 1, 
is it always possible to find a triangle with area ¢? The answer is yes : For example, in Case 
(1) in the proof of Lemma 2.2, putting p = 0,1,2,... successively, we get the triangles of areas 
3,6,9,.... The next question is 
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Question 1. Is it possible to find some formula for all the lattice triangles inscribed in 
the lattice cubic y = x, each having the area 3¢ for any fixed integer ¢ > 1? 


In connection with Question 1 above, we observe the following facts from the proof of 





Lemma 2.2 : 
Case (1) : For ky = 0 = ko, A(p,q,r) = 3\p t+ 1I. 
Case (2) : For ky = 0 = ko, A(p,q,r) = 3|3p + 4]. 
Case (3) : For ky = 0 = ko, A(p,q,r) = 3|3p + 5]. 
Case (5): For ky = 1, ke = 0, A(p,¢,r) = 6|3p + 7}. 





Case (6) : For ky = 0,k2 = 1, A(p,¢,r) = 6|3p + 5]. 

(1) The minimum-area triangles, each of area 3, can be obtained from Case (1) with 
p = 0, and Case (2) with p = —1. Thus, we get the triangles A(0,1,2) and A(—2,—1,0) (in 
the notation of (1) and (2)), as well as the triangles A(—1,0,2) and A(—2,0,1) . Note that, 
Case (3) with p = —2 does not give any different triangle. 

Hence, there are, in total, four triangles, each of area 3. 

(2) To find the triangles, each of area 6, we put p = 1 in Case (1), p = —2 in Case (2), 
and p = —2 in Case (5). Corresponding to these values, the triangles are A(1,2,3) (and hence, 
also the triangle A(—3, —2,—1)), A(—2,—1,1), (and the triangle A(—1,1,2)), and A(—2, 1, 2) 
(and the triangle A(—2,—1,2) ). No further triangles are obtained from Case (3) with p = - 1 
and Case (6) with p = - 2. 

Thus, there are six triangles, each with area 6. 

(3) There are only two triangles, each of area 9. These can be obtained from Case (1) with 
p = 2. Thus, the desired triangles are A(2,3,4) and A(—4, —3,—2) . 

(4) To find the triangles, each of area 12, note that Case (1) with p = 3 (or, p = —5), 
Case (2) with p = 0 (Case (3) with p = —3 gives the same triangles), and Case (5) with p = —3 
(or, Case (6) with p = —1), give such triangles. The triangles of interest are A(3,4,5) (and 
A(—5, —4, -3) ), A(0,1,3) (and A(—3, -1,0) ) and A(—1,0,3) (and A(—3,0,1)). 

Thus, there are six triangles, each of area 12. 

(5) To find the triangles, each of area 15, we put p = 4 (or, p = —6) in Case (1), p= —3 
in Case (2) (Case (3) with p = 0 gives the same triangles), and p = —3,k, = 1, k2 = 0 in Case 
(7) (Case (8) with p = —2,k, = 0,k2 = 1 gives the same triangles). Then, we get the triangles 
A(4, 5, 6)(and A(—6, —5, —4) ), A(0, 2,3) (and A(—3, —2,0)) and A(—2,0,3) (and A(—3, 0, 2) 
). Thus, there are six triangles, each of area 15. 

Given any two distinct points P(p,p*) and Q(q,q°) with p 4 0,q 4 0 and q 4 —p, on the 


lattice cubic y = x? 


, we can always find a line parallel to PQ and intersecting the lattice cubic, 
namely, the line joining the points P’(—p,—p*) and Q'(—q,—q?). But what happens, if we 
choose the line PO, passing through the point P' (=p, —p°) on the lattice cubic and the origin 
O(0,0)? More precisely, let P(—p, —p*)), p 4 0, be any point on the lattice cubic y = x3. Then, 
the line PO would intersect the lattice cubic at the second point P’ (—p, —p?). The question is : 
Is there any line parallel to POP’ and intersecting the lattice cubic? To answer this question, 
let Q(q,q°) and R(r,r?) be two distinct points on the lattice cubic y = x? such that QR is 
parallel to POP .T hen, we have the following result. 


Lemma 2.3. The line QR (where Q and R are the lattice points Q(q,q°), R(r,r?) on 
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the lattice cubic y = x?) is parallel to the line POP’ (where P and P’ are the points P(p,p?), 
P' (=p, —p*)) if and only if p,q and r satisfy the Diophantine equation 


p=¢t+artr’. (5) 


Proof. The slope of the line POP is p, and that of the line QR is q? + qr+r?. Thus, 
these two lines are parallel if and only if p? = q? + qr +r’. 

By inspection, we have the following solutions of the Diophantine equation (5) : 

(1) ¢= +p,r = Fp; 

(2) q= +p,r = 0; 

(3) q= 0,7 = op. 

These are the trivial solutions. To find the points Q(q, q?) and R(r,r?), we have to look for 











the non-trivial solutions of the Diophantine equation (5). Moreover, we may assume, without 
loss of generality, that p > 0; also, we may assume that q > 0 and r > 0, because, by symmetry, 
if QR is parallel to POP’ , then Q’R’ is also parallel to POP’ , where Q (=4, —q°) and 
R'(—r,—r?). Thus, the problem of finding the line parallel to POP’ reduces to the problem 
of finding positive non-trivial solutions of the Diophantine equation (5). We now observe the 
following facts : 

(1) if (po, go, To)is a solution of the Diophantine equation (5), so is (po, 10; Go); 

(2) if (po, 0,70) is a solution of (5), so is (kpo,kqo, kro) for any k € Z*. 

Note that the solutions (po, qo,70) and (po,70,¢o) are the same. By virtue of the second 
observation, it is sufficient to look for solutions of the Diophantine equation (5) for primes p 
only. 

Writing the Diophantine equation (5) in the form, 


4p” = (2q+r)? + 38r?. (6) 


We searched for the solution of the Diophantine equation (6) for 1 < p < 100. The following 
table summarizes our findings. 
Table 2.1 : Solutions of 4p? = (2g +1)? + 3r? ,1 <p < 100 



























































p|qa|r D | -a.|| 2 Dp | q| 2 

3.15 49 | 16 | 39 91 | 11 | 85 
13| 7 | 8 21 | 35 19 | 80 
19 | 5 | 16 61 | 9 | 56 39 | 65 
31 | 11 | 24 67 | 32 | 45 49 | 56 
37 | 7 | 33 re ae eae 97 | 55 | 57 
43 | 13 | 35 79 | 40 | 51 





The above table shows that, there are solutions of the Diophantine equation (6) only 
for the primes p = 7,13,19,31,37,43,61,67,73,79 and 97 (and their multiples) on the range 
1 <p < 100, and in each case, there is only one solution. Thus, corresponding to each of these 
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values, there are only two lines parallel to the line POP’ ; thus, for example, there are only two 
lines, namely, the line passing through the points Q(q, q?) = Q(3,3°) and R(r,r?) = R(5,53), 
and (by symmetry) the line passing though the points (—3,—3°) and (—5,—5°), which are 
parallel to the line through the origin 0(0,0) and the point (7,7°). However, there are four 
lines parallel to the line through (49, 49%) and 0(0,0); the four lines are those passing through 
the points (16, 16%) and (39, 39°) (and the line through (—16, —16°) and (—39, —39%), together 
with the line passing through the points (21,21°) and (35,35°) (as well as the line through 
(—21, -21°) and (—35, —35%)) And there are eight lines, each of which is parallel to the line 
through the origin 0 (0, 0) and the point (91,91°) : The line through the points (11, 11°) and 
(85, 853) (and that through (- 11, - 11°) and (- 85, - 85%)), the line through the points (19, 19°) 
and (80, 80°) (and the line through (- 19, - 19%) and (- 80, - 80%)), the line through the points 
(39, 39%) and (65, 65°) (together with the line through (- 39, - 39%) and (- 65, - 65°)), and the 
line through the points (49, 49°) and (56, 56%) (as well as the line passing through the points 
(- 49, - 493) and (- 56, - 563)). 

Our second question is 

Question 2. Is it possible to determine a formula that would give all the lines parallel to 
the line through the origin 0(0,0) and the point P(p, p*), p 4 0, on the lattice cubic y = x3? 

Now, we consider the problem of finding all lattice triangles, inscribed in the lattice cubic 
y = x3, whose areas are perfect squares, that is, the triangles such that 


A(p,q,7) =a? 
for some integer a > 1. Now, since 3|A(p,¢,7r) (by Lemma 2.2), it follows that 3a’ . Thus, 
the triangles whose areas are perfect squares must be such that 


A(p, 4,7) = (3a)? 


for some integer a > 1. 

It is always possible to find a lattice triangle inscribed in the lattice cubic y = x° , whose 
area is a perfect square. Recall that, triangles with area (3a)? occur in pairs, that is, if the area 
of the triangle with vertices at the points P(p, p*), Q(q, q°) and R(r,r?) is (3a)? , then the area 
of the triangle with vertices at P’ (—p,—p*), Q'(—q, —q?) and R’(—r, —r?) is also (3a)?. We 
already found two triangles, each with area 9. 

In fact, we can prove a more general result. 

Lemma 2.4. There exists an infinite number of lattice triangles inscribed in the lattice 
cubic y = x, each with an area which is a perfect square. 

Proof. We prove the lemma by actually constructing a family of lattice triangles, each 
having an area which is a perfect square. To do so, we proceed as follows : In (2.3), let m =n. 
Then, 


A(p, 4,7) = 3m*|p + ml. (7) 
To make (7) a perfect square, let 


p= (3n? —1)m;m,ne€ Zt. 
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The resulting triangle is A ((3n? — 1)m,3n?m, (3n? + 1)m). 
Hence, A ((3n? — 1)m,3n?m, (3n? + 1)m) ; m,n € Z*, is the desired family, with the area 
(3m?n)?. 

We now pose the following question 

Question 3. Is it possible to characterize all the triangles inscribed in the lattice cubic 
y = x? , whose areas are perfect squares? 

Next, we consider the problem of finding all inscribed lattice triangles whose areas are 
cubes of natural numbers. By Lemma 2.2, the areas of such triangles must be of the form 


Alp, gr) = (3a)? 


for some integer a > 1. We can prove the following result. 
Lemma 2.5. There exists an infinite number of lattice triangles inscribed in the lattice 
cubic y = x, each with an area which is cube of a natural number. 


Proof. We proceed on the same line of proof as of Lemma 2.4. In (7), letting 


p=3?n?—m; mneZ. 
We get the triangle A(3?n? — m, 3?n,32n° +m), whose area is (3n)?°. 
In connection with Lemma 2.5, we raise the following question. 
Question 4. Is it possible to characterize all the lattice triangles inscribed in the lattice 


cubic y = «°, whose areas are cubes of natural numbers? 


§3. Some open problems 


The case of the lattice parabola y = 2x? has been treated by Sastry [2], and later, to 
some extent, by Majumdar [1]. This paper treats the case of the lattice parabola y = x3, in 
continuation of our previous study in [1]. There are several open problems in connection with 
the lattice parabola and lattice cubic, some of which are already mentioned in Section 2. It 
might be a problem of great interest to study the properties of the lattice triangles inscribed in 


the lattice curve y = x”, where n > 3 is an integer. 
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Abstract Eigenvalue problem of SC matrices with the form aa? and matrices sum with 
the form aaT(a@ € R”) is discussed, and a structure of orthogonal matrices of SC matri- 
ces diagonalized is given. And the method of inverse eigenvalue problem of SC matrices is 


improved. 
Keywords Centrosymmetric matrix, eigenvalue, inverse problem. 


Let Jn = (€n,@n—1,°** ,€1), Where e; is the ith column of the n xn identity matrix. A 
matrix A is called centrosymmetric if J,A = AJ,, and anti-centrosymmetric if J,A = —AJy. 
For A € R”*", astructure of centrosymmetric matrices and it’s solution of the inverse eigenvalue 
problem were developed by FuZhao Zhou, XiYan Hu and Lei Zhang in [1]. In [3], Trench 
studied problem of R-symmetric or R-skew symmetric matrices. Recently, some properties and 
the inverse eigenvalue problem of generalized centrosymmetric matrix have been studied in [4] 
and [5], respectively. 

A centrosymmetric matrix of a real symmetric is called an SC matrix. In this paper, 
eigenvalue problem of SC matrices with the form aa? and matrices sum with the form aaT (a € 
R") are discussed. Also a structure of orthogonal matrices of SC matrices diagonalized is 
given. Furthermore the method finding inverse eigenvalue problem of SC matrices given in [2], 
is improved here. 


§1. Eigenvalue problem of SC matrices 


Lemma 1.1. Let 0 4 a € R”. Then A = aa™ has a unique nonzero eigenvalue such 
that A =a||3 and a unit eigenvector x ele corresponding to . 

Proof. Clearly, A = aaT is a real symmetric matrix. Since a 4 0, we have rank(A)=1. 
Therefore, A has a unique nonzero eigenvalue. Denote the eigenvalue of A by A and the unit 
eigenvector corresponding to \ by x. Then we get aa™x = Ax. Since A ¥ 0, it follows that 
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atx #0. Let a= ane: Then a = az. Notice that 7% = 1. We have \ =a?. Furthermore, 


ata =AgT x =a?. So A=a? =aTa=|a||j and e= 2= Tala: 
Corollary 1.2. A = aa is a positive semidifinite matrix. 
lemma 1.3. Let 0 #a€ R". Then A= aa’ is an SC matrix if and only if Ja = a or 
Ja=-—a. 
Proof. Because A = aa™ is a real symmetric matrix, we only need to prove that A is a 


centrosymmetric matrix if and only if Ja =a or Ja = —a. 





Suppose that A=aaT™ is a centrosymmetric matrix. We have that «= | = is the unit 


eigenvector corresponding to the eigenvalue ’ of A by Lemma 1.1. Thus, a ae and 
Ja=J( |la||22) = |lallg Jz. Since Jz = x or Jx = —« from [1], then Ja = a or Ja = —a. 
Conversely, suppose Ja = a or Ja = —a, then it is easy to check that Jaa? J=Ja(Ja)’, 
i.e, A= aaT is a centrosymmetric matrix. 
Theorem 1.4. Let 0 4 a € R” and A; = aja, (i = 1,2,---,s). If A;A; = 0 for 


i,j =1,2,---,8,i 47, then A= So Ai has only nonzero eigenvalue ||a;||3, ||a2||2,---, |las||3- 


i=1 
s 


Proof. Clearly, A; = aj;a;F is a real symmetric matrix. It follows that A = S> Ai is 
a real symmetric matrix. Since a; # O(i = 1,2,---,s), we have aja,TF 0. Thus Aap 
a,atajaj?= (ajPa;)a,a;7= 0 if and only if a;a;TF 0, i-e., a; and a; are orthogonal. Conse- 
quently, a1, @2,--: ,@s are orthogonal vectors set. 

Meanwhile, Aa; = Aja; =ajxaa; =|lai|| 3 a(t = 1,2,---,8), ie, |lar||2, |loe||2, ---, 
||as||3 are nonzero eigenvalues of A. A is the sum of matrix A;(i = 1,2,---,s), where 
rank(A;)=1, and rank(A) is no more than s. Thus, A has s nonzero eigenvalues at most. 

8 


Hence, A = 2 A; has and has only nonzero eigenvalues ||a||3, ||@2|| 3, +--+, ||as|l3- 
i=l 

Corollary 1.5. Let 04a; € R” and A; = aja;7 (t = 1,2,--- ,s). Suppose that 
A;A; = 0(i,7 = 1,2,---,8,i # j). Then A= So Ai is a positive semidifinite matrix where 

i=l 
s<n,and A= pa A; is a positive difinite matrix where s = n. 
i=l 

Corollary 1.6. Let a1,a2,--+ ,@p be orthonornal column vectors set and A; = aja;7 (i = 
1,2,---,s). Then S- A; is an identity matrix. 

i=l 

Theorem 1.7. Let A and B be n x n real symmetric matrices, where r(A) = r,r(B) = s 
(r(A) means rank of A), and r+ s <n, let nonzero eigenvalues of A be Ai, A2,--- , Ar, and let 
nonzero eigenvalues of B be 14, f2,°-+ , Ws. If AB = 0, then nonzero eigenvalues of A + B are 
Ai, A2;°° ig »Ar; H1, H2,°°* , bs. 

Proof. Since A and B are nx n real symmetric matrices, then BA = 0 where AB = 0 and 
so A and B commute. Hence there exists an orthogonal matrix Q such that A = QA,4Q™ and 
B = QAzBQ’, where Ay = diag(Ar,,Ar55°°* »Ar, ) and Ag = diag(ps,,Ms.,°** Ms, ). Thus, 
AB = 0 if and only if A4Ag = 0. AgAg = 0 if and only if X,,us, = O(¢ = 1,2,--- ,n), 
that is, if AB = 0, then A,, and ps, equal to zero at least one. Thereby, A,, + js, equals 
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zero or equals A; or ue(j = 1,2,--- ,r;k = 1,2,--- ,s). Meanwhile, since A+ B = Q(A4a + 
Ap)QT=Qdiag(Ar, + Hs,; Arg + Uso,°°* > Arn + hs, )Q7 , if AB = 0, then nonzero eigenvalues of 
A+ B are \1,A2,°°° 5 Ar; 1, [25°°* » Uy. Obviously, A+ B is nonsingular where r+ s = n. 

Theorem 1.8. Let X) = (#1, %2,--- ,v,) and Ay = diag(Aq, A2,--+ , Ar), where 
Ai, A2,+*+ ;Ap are nonzero and the set {#1,2%2,--- ,x,} is an orthonormal vectors set. Then 
there exists a nonsingular real symmetric matrix A such that AX; = X 1A. 

Proof. Let A; = X,A,X 1". Since X, is a n X r matrix with orthonormal columns, 
there exists a n xX (n — r) matrix X» with orthonormal column such that X29? X, = 0. Put 
Ag=XoA9Xo" , where Ag = diag(Ap41, Ar+2;°°* ;An) with det Ao# 0. Then AjA; = 0. Let 
A= A,+A2. By Theorem 1.7, A is nonsingular and 
AX, =(A, + Ag) Xy=(X1A, XP +X Ag Xo?) X= XAVXYEX, + XA aXe? Xy 
=X Aqlo + 0=X1 At. 

It is clear that three Theorems above hold for SC matrices. 

Theorem 1.9. Let A be SC matrix. Then 

1 Pi P, 


(1) For n=2k, P= —~ is an orthogonal matrix such that 
V2\ —J,P, JuP2 
Ay 
PTAP= , where P,, P2 are k x k orthogonal matrices and A, Ag are k x k diagonal 
2 
matrices; 
Py P2 
(2) For n=2k +1, P= Bs 0 V2? |is an orthogonal matrix such that 
-JpP,  JIpPe 
Ay : ' Po 
PTAP = , where P; isa kxk orthogonal matrix, Py = isa (k+1)x(k+1) 
Ag ay 


orthogonal matrix, y € R(*+)*!, and Ay, Ag are k x k and (k +1) x (k +1) diagonal matrices, 
respectively. 


A 
Proof. If n = 2k, then A is a SC matrix and so A=Q a Q?, where 
Ago 
1 Ty Tk : . : 
a= 7) and A1,, Ago are k x k real symmetric matrices. Since Aj1, Ago are 
2\ -I, Sh 


kx k real symmetric matrices, there exist orthogonal matrices P,, P2 such that Ay; = P,A,P,’, 

Ag2=P2A2 P2™, where A,,A2 are k x k diagonal matrices. Let 
p= 1 Ty Ik P, oil P, P, 

VO mde. le Pp V2\ =5.Pi. ich 


A 
Thus PTAP= : . For the case where n = 2k + 1, the proof of the result is similar. 


2 
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§2. Inverse eigenvalue problems of SC matrices 


(1) Let Aq, A2,--+ , An be real numbers. Find an SC matrix A such that Ay, A2,-+- , An are 
eigenvalues of A. 
: 1 i P, 
If n = 2k, P\, Pp are k x k orthogonal matrices. Set P = —= 
VEN 20h: JEP 
Then, PTAP = diag(A1, 2,°-+ An). 
Ifn = 2k+1, Py isa kx k orthogonal matrix and P) is a (k +1) x (k +1) orthogonal 


/ P.: 
matrix, where P, = * | and 7 € RE+DX1. Set 
y 
: Py Ps 
—IpP, Se P2 


Then PTAP = diag(A1, A2,°-* 5 An): 
Example. 1, 2, 3, 4, 5 are eigenvalues of SC matrix A, 


Write P, = - Pies v5 ° vb), es: /3) ® 


We can obtain: A = Pdiag(1, 2, ae 
(2) For r given eigenpairs (Ai, 11), (A2,%2),°°+,(Ar,2r) of a n x n SC matrix A, where 
%1,22,°*: , £, is a orthonormal vectors set, find a SC matrix A. 
By the characteristic of eigenvector for SC matrix, if n = 2k, 
1 Xr, Xry : 
let X = (@1,%2,-°+ Up) = ,T1 +172 = 7. Take orthonormal eigen- 
V2" Xe tds 
vectors sets X,., € R'X(*—") and X,, € RX"), such that XF-.X,, =0 and XZX,,, = 
Sta (Xe 26, |= (5, X,): 
Then, P, Ai Pf =diag(A1,-++ ,ArisAts* ++ Agr) 


¢ 


Py Ag P= diag(Ary 4150+ Ars Ap gist Ag ory) » Wheredy, +++ Ag in, Ap gist tt Agen, are ar- 
bitrary real numbers. 
. 1 Py Py 
By Theorem 1.9, if P= —= , then 
V2\ IPL SePs 
A= Pdiag(A1, ue Naess ne ery core co oes ner pes ere aie 
If n = 2k + 1, without loss of generality , we suppose that 
Xp, Xry 
1 
ae ae, 0 V2 47 1+, =.T. 


a nme om 


The result will be obtained. 
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Example. For two given eigenvalues 1, 3 of 4x4 SC matrix A, the eigenvectors correspond- 


; : 1 1 
to th lues are X; = Jp ( -1 )* and X2 = +z ( ) 
ing to the eigenvalues are X, a 1, 0, 0, 1 and X29 77) 0, 1, 1, O 


T 


y 1 4 1 
Take Xi= (0, 1, -1, 0)? and X,=+(1 i) 
1 /2 0, 7 ’ 0 n 2 v2 ’ 0, . 0, ; 
Set P = (Xi, X,,X2,X). Then A = Pdiag(1, A,,3,A_ )P7, A, , Ay are arbitrary real numbers. 
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Abstract Murthy [1] introduced the concept of the Smarandache Cyclic Determinant Nat- 
ural Sequence, the Smarandache Cyclic Arithmetic Determinant Sequence, the Smarandache 
Bisymmetric Determinant Natural Sequence, and the Smarandache Bisymmetric Arithmetic 
Determinant Sequence. In this paper, we derive the n-th terms of these four sequences. 

Keywords The Smarandache cyclic determinant natural sequence, the Smarandache cyclic 
arithmetic determinant sequence, the Smarandache bisymmetric determinant natural seque- 


nce, the Smarandache bisymmetric arithmetic determinant sequence. 


81. Introduction 


Murthy [1] introduced the concept of the Smarandache cyclic determinant natural sequence, 
the Smarandache cyclic arithmetic determinant sequence, the Smarandache bisymmetric deter- 
minant natural sequence, and the Smarandache bisymmetric arithmetic determinant sequence 
as follows. 

Definition 1.1. The Smarandache cyclic determinant natural sequence, {SCDNS(n)} is 


2 
1 
3 
1], i, 12 
4 
3 
1 


Oo Fe Fe WwW 


4 
1 
2 
3 


Fr WN 


Murthy conjectured that the n — th term of the above sequence is 


SCDNS(n) = Cala 





where [2] denotes the greatest integer less than or equal to x . 
Definition 1.2. The Smarandache cyclic arithmetic determinant sequence, 


{SCADS(n)} is 


a at+d a+2d 
a a+d 
1], , | atd a+2d a i be 
a+d a 
a+2d a at+d 
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Murthy conjectured, erroneously, that the n — th term of the above sequence is 


SCDNS(n) = ( lal - me 1)d 





(nd)"~1 


where [2] denotes the greatest integer less than or equal to x . 
Definition 1.3. The Smarandache bisymmetric determinant natural sequence, 
{SBDNS(n)} is 


[1], 


WwW Ww FR 
mo wo wv 
Fe wo Ww 


3 
4 
3 
2 


wo FF Ww bw 
FP wo WwW 


1 
2 
3 
4 


Definition 1.4. The Smarandache bisymmetric arithmetic determinant sequence, 
{SBADS(n)} is 


a a+d a+2d 
a at+d 
|1|, ; at+d a+2d a+d |, «. 


a+2d a+d a 


at+d a 





Murthy also conjectured about the n-th terms of the last two sequences, but those expres- 
sions are not correct. 

In this paper, we derive explicit forms of the n-th terms of the four sequences. These are 
given in Section 3. Some preliminary results, that would be necessary in the derivation of the 


expressions of the n-th terms of the sequences, are given in Section 2. 


§2. Some preliminary results 


In this section, we derive some results that would be needed later in proving the main 
results of this paper in Section 3. We start with the following result. 
Lemma 2.1. Let D = |d;;| be the determinant of order n > 2 with 


a, ifi=j>2; 
ij = ; 
1, otherwise. 


where a is a fixed number. Then, 


1 11 1 1 
1 ail 1 1 
D= 1 la 1 lj= (a—1)""}, 
1 11 a l 
1 11 1 a 
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Proof. Performing the indicated column operations (where C; — C; — C; indicates the 
column operation of subtracting the 1st column from the ith column, 2 < i < n), we get 














111: 1 iit = 1 0 0 vee 0 0 
ladles 1 WCo>C,-C il a-l 0 vee 0 0 
D=!l1 1 as: 1 1/0; -~C3-C, }1 0 a-1l -:-:- 0 0 
iid wm Piles c-k 4 ft eed 
1 1 i loa 1 0 0 0 a-—1l 

a—1 0 0 0 

0 a-—1l 0 0 

0 0 a-1l 0 

0 0 0 a-—1 








which is a determinant of order n — 1 whose diagonal elements are all a — 1 and off-diagonal 


elements are all zero. Hence, 


D=(a—-1)""4. 


Lemma 2.2. Let D*% = jay 
are all a (where a is a fixed number) and off-diagonal elements are all 1, that is, 





be the determinant of order n > 2 whose diagonal elements 


a, ifi=jol, 








1, otherwise. 
Then, 
a 1 il 1 1 
1 ail 1 1 
D® = 1 1 a sae 1 1 =(a—1)”"""(at+n-1). 
111s: aii 
1141: la 
Proof. We perform the indicated column operations (where C, > Cy, +C2+...4+Ch 





indicates the operation of adding all the columns and then replacing the 1st column by that 





sum, and C, — denotes the operation of taking out the common sum) to 
DY Ci Oasis , : 
ge 


Vol. 4 On some Smarandache determinant sequences 83 




















6.4 A i 4 i a Ft i’ 4 
tm A { 4 i & 4 i: 4 
= a 
peat Tm an T a Sg 4 
Cy aC +Co+...+Cn 
1 
Ci > 
111 a 1 1+ C2+..+ Cn a 4 al 
111 i @ 111 i 2 














=(a+n-W(a-1)"", 


where the last equality is by virtue of Lemma 2.1. 
Corollary 2.1. The value of the following determinant of order n > 2 is 








—n 1 1 1 1 
1 -n 1 1 1 , 
= (-1)” 1 P=. 
1 1 =n i, aloe’ 
1 1 1 —n 1 
1 1 1 1 —-n 
Proof. Follows immediately from Lemma 2.2 as a particular case when a = —n. 


Lemma 2.3. Let A, = |a;;| be the determinant of order n > 2, defined by 


1, ifi<j; 
aig = 
—1, otherwise. 
Then, 
1 1 1 o-oo 1 1 
-1 1 1 1 1 1 
A,= 

-1 -1 1: 1 1 lj=ar-t, 

-1 -1 -1 -- -1 1 1 

-1 -1 -1 --- -1 -1 1 








Proof. The proof is by induction on n. Since 


the result is true for n = 2. So, we assume the validity of the result for some integer n > 2. To 
prove the result for n+ 1, we consider the determinant of order n+1, and perform the indicated 
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column operations (where C, — C; + C,, indicates the operation of adding the n — th column 


to the 1%* column to get the new 1%* column), to get 




















1 1 1 1 1 1 2 1 1 1 1 1 
—1 1 1 1 1 1 0 1 1 1 1 1 
An+1 = = 
—-1 -1 1 |:-:- 1 1 1 0 -1 1 1 1 1 
Cy 3 CL + Cy 
—-1 -1 -1 :--. -1 1 #1 QO -1l -1 --- -1 1 1 
—-1 -1 -1 :--- -1 -1 1 0 -1l -1 --- -1 -1 1 
1 1 1 1 1 1 
-—1 1 1: 1 1 1 
=2|. = 2A, = 2", 
—-1 -1 -1 -.. -1 1 =I 
—-1 -1 -1 -..» -1 -1 1 
by virtue of the induction hypothesis. Thus, the result is true for n + 1, which completes 
induction. 
Corollary 2.2. The value of the following determinant of order n > 2 is 





i a tk 1 11 
i 2 wf i. “i 24 B 

By = _ oy n-1 
tf & we Et a= epee, 
f 4, oh see ee 
i tS ee Sh ee 





Proof. To prove the result, note that the determinant B, can be obtained from the 
determinant A, of Lemma 2.3 by successive interchange of columns. To get the determinant 
B,, from the determinant A,,, we consider the two cases depending on whether n is even or odd. 


Case 1: When n is even, say, n = 2m for some integer m > 1. 
In this case, starting with the determinant B,, = Bo», we perform the indicated column 


operations. 
1 1 . = (-1™{1 1 Lt & 4 
b=B, =| 1 L ff wl) ec, = ae - af 4 
: Cz > Com-1 
1 1 = a ae le: ei a | 
1, eel el Pee Cay ol, ees oe 
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= (a1) 2", 


Case 2 : When n is odd, say, n = 2m +1 for some integer m > 1. In this case, 








1 1 1: 1 1 1 
1 1 1 1 1 -l 
By =B m = 
ee <a. 1 -1 -1 
1 1 -—-1 +--+.» -1 -1 -!1 
1 -1 -l -1 -1 -l 
1 1 1 1 1 1 
= =|)" 
-y -1 1 1 1 1 1 
Ci > Com-+1 
—-1 -1 1 ::: 1 1 1 
Cz — Com ; = (—1y"o"-4, 
—-1 -1 -1 :..- -1 1 =I 
Cn > Cm+2 
—-1 -1 -1 -;-.. -1 -1 1 








Since, in either case, m = [| , the result is established. 


§3. Main results 


In this section, we derive the explicit expressions of the n-th terms of the four determinant 
sequences, namely, the Smarandache cyclic determinant natural sequence, the Smarandache 
cyclic arithmetic determinant sequence, the Smarandache bisymmetric determinant natural 
sequence, and the Smarandache bisymmetric arithmetic determinant sequence. These are given 
in Theorem 3.1, Theorem 3.2, Theorem 3.3 and Theorem 3.4 respectively. 

Theorem 3.1. The n-th term of the Smarandache cyclic determinant natural sequence, 
SCDNS(n) is 





1 2 3 4 n-2 n-1l n 
2: 3.4 5 n—-1 n 1 
n 
SCDNS(n)=| 3 4 5 6 n 2 _ (nls! ml nt 
4 5 6 7 2 3 2 
nm-1l n 12 +++ n-4 n-3 n-2 
n 12 3 «+ n-3 n-2 n-Il 











Proof. We consider separately the possible two cases. 
Case 1: When n is even, say, n = 2m for some integer m > 1 (so that “| =m ). 
We now perform the indicated operations on SC_DNS(n) (where C; «+ C; denotes the operation 
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of interchanging the 7 -thcolumn and the j-th column, and R; — R; — R; means that the j-th 
row is subtracted from the i-th row to get the new i-th row). Note that, there are in total, m 
interchanges of columns, each changing the value of SCDNS(n) by —1. Then, 









































1 2 34 2m—2 2m-1 2m 
2 3.4 5 2m—1 2m 1 
SCDNS(n) = 3 4 5 6 2m 1 2 
4 5 6 7 1 2 3 
2m—-1 2m 1 2 2m—-4 2m—-—3 2-2 
2m 1 2 3 ++» Qnm-3 2-2 2-1 
2m 2m—-1 2%m-2 3 2 1 
1 2m 2m—1 4 3 2 
= (-" 
2 1 2m 5 4 3 
C1 © Com 
3 2 1 6 5 4 
Cz Com-1 
2m—-3 2-4 2-5 2m 2m—-1 2%m-2 
Cm @ Cm+1 
2m—-2 2m-—3 2-4 .:-- 1 2m 2m—1 
2m—-1 2m—-2 Awm-3 .:-:: 2 1 2m 
2m 2m—1 ::: 3 2 1 
_ 2m(2m+1) | 4 om . 2s 
= (—1) 5 
Com > OC; Cz t+ Com 
1 2m—3 2%m-4 2m 2m-—-1 1 
Cam > GFE. C. 
tO 4 2m—-—2 2-3 -::: 1 2m 1 
2m—-1 2%m-2 «:-:- 2 1 1 
2m 2m—-1 2m-—-2 2 1 
_ ’ ym 2mm se) tom 4 1 1 Oo 
Rog —- Ro —- Ri 1 1—2m 1 1 0 
R3 — R3 — Ro 1 1 1—2m 1 0 
Rom — Ram — Rom-1 1 1 1 a 1 0 
1 1 1 “++ 1L-2m 0 
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1—2m 1 1 ee 1 1 
=f yn 2me(2m +1), jem : pean : = : : 
a 2 1 1 1—2m 1 1 

1 1 1 1 1 
1 1 1 1—2m 1 
1 1 1 1 1—2m 
m 2m(2m a 1) m— m— m 2m + 1 m— 
= (-1yrett SRE (etm (amy2er Ob = (1) (2m), 


Case 2 : When n is odd, say, n = 2m +1 for some integer m > 1 (so that [| =m). 
Here, 


1 2 34 Im-1 mM %m+1 
2 3 245 2m mtl 1 

Scena || 4 4 5 6 Im+1 1 2 
4 5 67 1 2 3 

2m 2m+1 1 2 2m—-3 2-2 2-1 

Wm+1 1 2 8 Im—-2 2%m-1 Im 








2m+1 2m 2m—1 3 2 1 
= (<1) 1 2m+1 2m 4 3 2 
C1 Coms41 2 1 2n+1 5 4 3 
C2 Com 3 2 1 6 5 4 
C3 Com-1 
2nm—-2 2-3 I2%m-A4 2m+1 %m %m-1 
Cm @ Cmn+2 2n—-1 2-2 2-3 .:-- 1 2nm+1 2m 








2m 2m—-1 2%m-2 «:-- 2 1 2m+1 


88 A.A.K. Majumdar No. 2 





Com41 > Cyt Cot... + Com4i 





Com+1 > 

















CL C2 tee Com+1 



































2nm+1 2m 2m —1 3 2 1 

2 2 1 2m+1 5 4 1 

3 2 1 6 5 1 

2m—-—2 2-3 Wm-A4 2m+1 2m 1 

2m—-1 2m-2 wm-3 -:-- 1 2m+1 1 

2m 2m—-—1 2-2 --- 2 1 1 
Qm(2m +1) [2M+1 2m 2-1 3 | 

— 1" 
op) 2 —2m 1 1 1 1 0 
Rog — Ro — Ry 
1 —2m 1 1 1 0 
R3 — R3 — Ro 
1 1 —2m 1 1 0 
Roam+1 — Ram+i — Ram 

ee 1 1 1 1 1 0 
1 1 1 —2m 1 0 
1 1 1 1 —2m 0 

—2m 1 1 1 1 

i, (2m -+1)(2m +2) es i a en 1 

=(=1) herd) 

2 1 1 —2m 1 1 

1 1 1 1 1 

1 1 1 —2m 1 

1 1 1 1 —2m 

2 1)(2 2 2 2 
=i yy m+ i m+ ) ¢( 1)?" (2m +1)?"—-1} = (-1)™ m+ (2m + iy, 


Thus, the result is true both when n is even and when n is odd, completing the proof. 


Theorem 3.2. The n-th term of the Smarandache cyclic arithmetic determinant sequence, 
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SCADS(n) is 














a a+d a+2d --- a+(n—2)d a+(n—1)d 
at+d a+2d a+3d --- at+(n-1)d a 
ene) aaiag a+3d  at4d a a+d 
a+ 3d a+A4d a+5d -:-: a+d a+ 2d 
a+(n—2)d a+(n—1)d a a+(n—4)d a+(n—3)d 
a+(n—1)d a a+d a+(n—3)d at+(n—2)d 




















Proof. Here also, we consider separately the possible two cases. 


Case 1: If n = 2m for some integer m > 1 (so that [| =m). In this case, performing 


the indicated column and row operations, we get successively 















































a a+d “ss at(2m—2)d at+(2m—1)d 
a+d a+ 2d “++ a+(2m—1)d a 
a+ 2d a+ 3d vee a a+d 
SCADS(n) = a+ 3d a+4d vee a+d a+2d 
a+(2m—2)d a+(2m—1)d --- a+(2m—4)d a+ (2m-—3)d 
a+ (2m—1)d a “+ a+(2m—3)d at (2m—2)d 
a+(2m—-1)d a+(2m—-2)d --- a+d a 
a a+(2m—1)d --- a+ 2d at+d 
= =|)" 
= a+d a vee a+3d a+ 2d 
C1 > Com 
a+ 2d at+d vee a+4d a+ 3d 
C2 Com-1 
, a+(2m—4)d a+(2m—5)d a+(2m—2)d a+(2m—3)d 
Cm  Cm41 
at+(2m—3)d a+(2m—4)d +--+» at+(2m—1)d at+(2m—-2)d 
a+ (2m—2)d a+(2m-—3)d --- Ga a+ (2m —1)d 
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No. 





Com =>: Ci aaa C2 a eb Com 
Cam 














Cyt Co+...+ Com 





a+d 








(Som = a+ (a+ d) + (a+ 2d) +004 {a+ (2m 1d} = 2a + 


a+ 2d 


= (1 Som 


Rog —- Ro - Ri 
R3z — R3 — Ro 


Ram = Ram = Ram-1 


2m(2m — 1) 


a+(2m—1)d a+(2m-—2)d 














=(-1)" {2a 5 


= (ye {2ma 


= Car {ar 


a+d 


a+ 3d 
a+ 4d 








Fe Fe eS Be 





2m(2m — 1) 


7) 


a+(2m-—1)d a+(2m-—2)d at+d 1 
(1—2m)d d d 0 
d (1 —2m)d 0 
d d 0 
d 0 
(1-—2m)d 0 
i} 2m pm 1—2m 1 1 
1 1—2m 1 
1 1 1 
1 1 1—2m 


+ 


2m—-1 





2 


2m(2m — 1) 





2 


ya} d2™—1 (2m)2™—1, 


Case 2: If n = 2m-+1 for some integer m > 1 (so that [| =m). 


ab { a2 —2(—1)2-1 (2m) 2em—D) } 
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In this case, performing the indicated column and row operations, we get successively 
















































































a a+d a+2d a+ (2m —1)d a+2md 
a+d a+2d a+3d a+ 2md a 
SCADS(n) = 
a+ 2d a+3d a+4d a at+d 
a+ 3d a+4d a+5d a+d a+ 2d 
a+(2m—1)d a+2md a a+ (2m—3)d a+(2m-—2)d 
a+2md a a+d a+ (2m—2)d a+(2m-—1)d 
Clo Cam+1 
Cz — Com 
Cm - Cm+2 
a+ 2md a+(2m—1)d at+d a 
a a+2md a+2d a+d 
_4ym 
oa) a+d a a+ 3d a+ 2d 
a+ 2d at+d a+4d a+ 3d 
a+ (2m—3)d a+(2m-—4)d a+(2m—-1)d a+(2m—2)d 
a+ (2m—2)d a+(2m-—3)d a+ 2md a+ (2m — 1)d 
a+(2m—1)d a+(2m-—2)d a a+2md 
Com+1 > Cy + Co... + Com41 
1 
Com 
mene 6 6 ene co eae 
a+2md a+ (2m -—1)d a+2d a+d 1 
a a+2md a+3d a+2d 1 
(1) Sea a4 at+d a a+4d a+3d 1 
a+2d a+d a+5d a+4d 1 
a+(2m—2)d a+(2m—3)d a a+2md 1 
a+(2m—1)d a+(2m-—2)d a+d a 1 
2 
(Sonn =at(at+d)+(a+2d)...+(a+2md) = (2m+1)a4 mom + 3) ‘) 
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a+2md a+(2m-—1)d a+d 1 
— are | m a 
ce oe, d d 0 
Ro = Ro = Ry 
d —2md d 0 
Rs — R3 = Ro 
R. R R : : 
m _ m ~~ m 
2m+1 2m+1 2 edt 0 
—2m 1 1 
Im(2 1 1 —2m 1 
=(-1)" {(@m-+ jap a ak 1)2m-+2q2m 
1 1 1 
1 1 —2m 


(—1)™ {com +1)a+ 


2m(2m + 1) 





2 


(=i {a + al d’™(2m + 1)?™. 


Thus, in both the cases, the result holds true. This completes the proof. 





ah {d?™(-1)?™ (2m + 1 alae 


Theorem 3.3. The n-th term of the Smarandache bisymmetric determinant natural 
sequence, {SBDNS(n)}, n> 5, is 


SBDNS(n) = 





1 2 3 n—-1 n 
2 4 n n—-1 
3 4 5 n-1 n-2 
n-2 n-1 n 4 3 
n—1 n n—1 3 2 
n n-1 n-2 2 1 





= cyl 


A (n+1)2”-?. 


Proof. We perform the indicated row and column operations to reduce the determinant 
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SBDNS(n) to the form B,_1 (of Corollary 2.2) as follows : 




















1 2 3 ss om—-2 n-l n 
2 3 4 se om n n—1 
SBDNS(n)=| 3 4 5 vee n n-1l n-2 
n-2 n-1 n 5 4 3 
n—-1 n m—-1 -:: 4 3 2 
n n-1l n-2 --: 3 2 1 
1 2 3 n-2 n-1l n 
= 1 1 1 1 1 -1 
Ryg— Ro-—R, |1 1 Loos 1 -1 -l 
R3 — Rg — Ro 
1 1 1 -1 -1 -l 
Rina R,-—Rp1{1 1 -1 +: -l — —1 
1 -1 -1 -1 -1 -l 
1 2 3 n-2 n-1 n+l 
1 i 1 1 1 0 
~ 111 f. -<i- i 
Ch > Crh +C1}, 
1 il 1 —l -1 0 
1 1 -tl —l -1 0 
1 -1 -1 -1 -1 0 
1 1 1 1 1 
1 il 1 1 -1 


= (=n $0). 
i =(-1"4(nt YBa 


11 oi i sa 
La 1 a, et 
fob ol. ee. Sh et 











= (-1)"(n +1) ea) 2 lg 


n—-1 


alg a 
Now, ifn =2m-+1, then (—1) 2 | = (-1)@m+2)+m — (-1)™ = (-1)121, 
n—-1 


2 | = (-1)?t+(m-)) = (-1)™ = ala. 








nit] 
and ifn = 2m, then (-—1) 
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n 


Hence, finally, we get SBDNS(n) = calal (n+1)2"-?. 


Remark 3.1. The values of SBDNS(3) and SBDNS(4) can be obtained by proceeding 
as in Theorem 3.3. Thus, 


i 23 = i a 3 i & 2 
SBDNS(3)=|2 3 2|R22>R,-Rill 1 —-1 7 1 0|=-8, 
C3 > C3 + C, 
7 o maha eit at i -1 0 
L eg 4 = i a &. a 
SBDNS(4)=|2 3 4 3|Rg>R.-R,|1 1 1 -1 
44.4 OP Rel a. =t <i 
a3 9 1\ Ras Rea Ryli <1 <1 <1 
= 12 3 °5 
i & 4 ; 
Car CxtCifl 1 1 O=(-8)) [= (at pelasy = 20. 
1 1 -1 0 
a ae 
fia at oo 


Theorem 3.4. The n-th term of the Smarandache bisymmetric arithmetic determinant 
sequence, {SBADS(n)}, n > 5, is 


























a a+d + at(n—2)d  a(n—1)d 
ee De at+d a+ 2d + at(n—-1)d at+(n—-2)d 
a+(n-—2)d a+(n—-l1)d --- a+2d a+d 
a+(n-—1)d a+(n-—2)d --- a+d a 
= Cala («+ na) (2d)"-1. 


Proof. We get the desired result, starting from SBADS(n), expressing this in terms of the 
determinant B,,—1 (of Corollary 2.2) by performing the indicated row and column operations. 








a at+d + at(n—2)d a+(n—-1)d 
SBADS(n) = a+d a+ 2d + at(n—l1)d a+(n—-2)d 
a(n—2)d at(n—1)d --- a+ 2d at+d 
a+(n—-1)d a+(n-—2)d --- at+d a 
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a a+d a+2d a+(n-—3)d a+(n-—2)d at+(n—-1)d 
7 d d d d tl 
Ro — Ro = Ry 
d d d —d —d 
Rz = R3 = Ro 
d d —d —d —d —d 
Rn — Rn = Rn-1 
d -d —d —d —d —d 
a a+d a+2d a+(n—3)d a+(n—2)d 2a+(n—1)d 
1 1 1 s+ 1 0 
= d™-1y1 1 1 1 -1 0 
Cyr > Crh t+C1 
1 1 1 —1 -1 0 
1 1 —1 —1 -1 0 
1 -l —1 —1 -1 0 
1 1 1 1 1 
1 1 1 1 -1 
=(-1)"t! d"-! {2a+ (n—1)d}], 
1 1 1 -1 -l 
1 1 -1 -1 -l 
1 -1 -l -1 -l 
E aa * n 
= (—1)"*1d"-! {2a + (n—1)d} | (-1)L 2 Ja-2] = (-1) A d”—1 {2a + (n — 1)d} 2”~?. 
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Abstract Let S be a nil-extension of a Clifford semigroup K by a nil semigroup Q. A 
congruence pair (6,w) on S consists of a congruence 6 on Q and a congruence w on K. It 
is proved that there is an order-preserving bijection [ : o + (og,c0x) from the set of all 
congruences on S' onto the set of all congruence pairs on S, where ox is the restriction of a 


on K, 0g = (0 V px)/px and px is the Rees congruence on S induced by K. 


Keywords Clifford quasi-regular semigroups, Nil-extension, congruence pairs. 


81. Introduction 


Recall that a regular semigroup S is Clifford if all idempotents of S are central. A semigroup 
S is called quasi-regular if for any a in S there exists a nature number m such that a™ is a 
regular element of S. A quasi-regular semigroup S' is called a Clifford quasi-regular semigroup 
if S is a semilattice of quasi-groups and Reg(S) is an ideal of S (see [4]). A semigroup S with 
zero is called nil if for any a € S' there exists a nature number n such that a” = 0. If S isa 
semigroup and K is an ideal of S such that the Rees quotient semigroup S/K is isomorphic to 
a semigroup Q, then we say that S' is an ideal extension of K by Q. Furthermore, when Q is 
a nil semigroup, S' is called a nil-extension of K by Q. It was shown in [4] that a nil-extension 
of a Clifford semigroup K by a nil semigroup Q is Clifford quasi-regular. 

The class of Clifford semigroups play a fundamental role in the development of semigroup 
theory. It was proved by Clifford that a semigroup S' is a Clifford semigroup if and only if S 
is a semilattice of groups; or if and only if S is a strong semilattice of groups. In 1994, Ren- 
Guo-Shum have already studied Clifford quasi-regular semigroup in [4]. Also, the congruence 
on completely quasi-regular semigroups has been described by Shum-Guo- Ren [1] by using 
admissible congruence pairs. 

Here we shall study congruences on a Clifford quasi-regular semigroup S. It is proved that 
every congruence o on such a semigroup S' can be uniquely represented by a congruence pair 
(og,0K) on S, where ox is the restriction of o on K, 0g = (0 Vox)/px and px is the Rees 
congruence on S induced by an ideal Kk. 
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Throughout this paper, S' is a Clifford quasi-regular semigroup. We use px to denote the 
Rees congruence on S induced by an ideal K of S. Denote the set of all regular elements of S' by 
Reg(S) and the set of all idempotents of S by E(S). H* denote the H*-class of S containing a, 
where H* be a generalized Green’s relation (see [6]). Let C(.S') be the set of all congruences on 
S and let Ao be the set {a € S | (Ar € A)(a,x) € o} for any o € C(S). The o-class containing 
the zero element 0 is denoted by 0c. For terminologies and notations not mentioned in this 





paper, the reader is referred to [2]. 


§2. Preliminaries 


We shall first state some basic properties concerning congruences on a Clifford quasi-regular 
semigroup S. 

Proposition 2.1. For any a € S there exists a unique idempotent e € E(S) such that 
a € Hx. Moreover, a” € H, ifn > r(a), where r(a) = min{n | a” € Reg(S)}. 

Proof. The proof follows directly from the definition. 

Remark. For the sake of convenience, we use a° to denote the unique idempotent of 
H*-class of S containing a. It can be easily verified that Reg(S') = K. 

Proposition 2.2. Let o be any congruence on S. Then a € Ko if and only if (a,aa°) € 0 
and (a,a°a) Ea. 

Proof. Suppose that a € Ko. Then it is obvious that (a,aa°) € o and (a,a°a) € o if 
a € K. On the other hand, if a ¢ K, then we can find an element x € K such that (a,x) € o. 
Since S is a nil-extension of a Clifford semigroup K, there exists a positive integer n € N 
such that a” € K. This implies that ao = x«"o. However, since a”o - (a")'o = a°a, where 
(a")~1 is the group inverse of a”, we have (a"a)~! = (a")~'o. Thus, (a")~'o = (a"a)71 = 
(x"o)-1 = (x")-1o. This means that (a°,x°) € o so that (aa°,xx°) = (aa°,z) € o and 
(a°a,x°x) = (a°a,x) € o. Hence (a,aa°) € o and (a,a°a) € o by the transitivity of o. 
Conversely, if (a,aa°) € o and (a,a°a) € o, then by the above remark, we have aa°® € K and 
a°a € K. This implies that a € Ko. 

Proposition 2.3. If o is a congruence on S, then (a°,b°) € o for any (a,b) € a. 

Proof. This proof is the same as the proof of Proposition 2.3 in [1]. 

Lemma 2.4"), The following statements on a semigroup S are equivalent: 

(i) S is a Clifford quasi-regular semigroup; 

(ii).S' is quasi-regular, E(S') is in the center of S and Reg(S) is an ideal of S; 

(iii)S is a nil-extension of a Clifford semigroup. 


§3. Congruence pairs 


Let S be a nil-extension of a Clifford semigroup K by a nil semigroup Q. In order to obtain 
a description of any congruence on S, we introduce the following definition. 

Definition 3.1. Suppose that 6 is a congruence on a semigroup Q and w is a congruence 
on a semigroup K. Then a pair (d,w) € C(Q) x C(K) is called a congruence pair on S' if it 
satisfy the following conditions 
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(M1) If (e, f) € w for some idempotents e, f € E(S), then (pe,pf) € w for any p € Q. 
Dually, (ep, fp) € w for any p € Q; 

(M2) If (p,q) € 6 |@\os, then (pe, ge) € w and (ep, eq) € w for any e € E(S); 

(M3) If (p,q) € 6 |@\os, then ((pe)°, (ge)°) € w and ((ep)°, (cq)°) € w for any c € S; 

(M4) If0 4a € 06 and cE S, then 

(i) (aa°c, ac(ac)°) €w and dually (caa°,ca(ca)°) € w, 

(ii) (a°ac, (ac)°ac) € w and dually (ca°a,(ca)°ca) € w; 

(M5) If (pe, qf) € w for some idempotents e, f € E(S) and any p,q € S, then (pe, fq) € w. 
Dually, if (ep, fg) € w, then (ep, qf) € w; 

(M6) If (pe, fq) € w for some idempotents e, f € E(S') and any p,q € S, then (ep, qf) € w. 
Dually, if (ep, qf) € w, then (pe, fq) € w. 

Now suppose that S'is a nil-extension of a Clifford semigroup K by a nil semigroup Q and 
px is the Rees congruence on S induced by the ideal K. For any o € C(S), we define a mapping 
[: 0+ (¢q,0xK) from C(S) to C(Q) x C(K), where ox =o |x, and og = (0 V px)/px. Thus, 
in view of the above definition, we have the following result. 

Lemma 3.2. Let C(S') be the set of all congruences on S. Then o C 7 if and only if 
og C Tg and ox C TK, for any 0,7 € C(S). 

Proof. This proof is the same as the proof of Theorem 3.2 in [1]. 

Lemma 3.3. If o € C(S), then (0g,0x) is a congruence pair on S. 

Proof. Let a € C(S). Clearly, og € C(Q) and ox € C(K). To see that (gg,0K) is a 
congruence pair on S, we only need to verify that (0g,0K) satisfies the conditions (M1) to 
(M6) given in Definition 3.1. 

(i) If (e, f) € oK for some e, f € E(S), then for any p € Q, we have (pe, pf) € a. It is easy 
to see that pe,pf € K. Thereby, we have (pe,pf) € ox. Similarly, (ep, fp) € ox. Thus the 
condition (M1) is satisfied. 

(ii) By using the similar arguments as in (i), we can also see that (7g, 7x) satisfies condition 
(M2). 

(iii) If (p,¢) © 7@ |eQ\o0q, then by the definition of ag, we have (p,q) € o and hence 
(pe, gc) € o for any c € S. By Proposition 2.3, It can be immediately seen that ((pc)°, (gc)°) € oc. 
Consequently ((pc)°,(gc)°) € ox. Dually, ((cp)°,(cq)°) € ox. This shows that (¢g,0K) 
satisfies the condition (M3). 

(iv) Let a € 0og \ {0}. Then by Proposition 2.2, (a,aa°) € o and so (ac,aa°c) € o for 
any c € S, that is, ac € Ko. In this case, (ac, ac(ac)°) € o. It follows that (aa°c, ac(ac)°) € o 
and consequently (aa°c, ac(ac)°) € ox. A similar argument can show that (caa°,ca(ca)°) € 
ox. Thus, (¢g,0K) satisfies the condition (M4)(i). On the other hand, since a € 0ag \ {0}, 
(a,a°a) € o by Proposition 2.2. Hence, for any c € S (ac,a°ac) € o giving ac € Ko. In this 
case, (ac, (ac)°ac) € o. We have that (a°ac, (ac)°ac) € o and (ac, (ac)°ac) € ox. The dual 
(ca°a, (ca)°ca) € w can be similarly proved. Thus, (0g,7x) satisfied the condition (M4) (ii); 

(v) Let (pe,gf) € w for any p,q € S and e,f € E(S). Then qf = fq since S is a nil 
extension of a Clifford semigroup and by Proposition 2.4. This shows that (pe, fq) € w. The 
dual part can be similarly proved. Hence, (7g,7x) satisfies the condition (M5); 


(vi) A similar arguments can show that (0g,ax) satisfies the condition (M6). 
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Thus, by Definition 3.1, (0g, 0K) is indeed a congruence pair on S. 

Lemma 3.4. Let C(5') be the set of all congruences on S. Then o C 7 if and only if 
og © Tq and ox C Tk, for any 0,7 € C(S). 

(1°) (a,b) €6 for any a,be S\R; 

(2°) (aa°,b°b) €w for any a,b € R, where R = K U{006 \ {0}}. Then o is a congruence 
on S such that Ko = R. 

Proof. We first prove that the relation o defined above is an equivalence on S. Let a € R, 
then (aa°,aa°) € w. Also by the given condition(M5)(i), we have (aa°,a°a) € w. Obviously, 
the above relation o is reflexive. To show that the relation o is symmetric, let a,b € R such 
that (aa°,b°b) € w. Then by (M6), (a°a,bb°) € w. Also since w € C(K), (bb°, a°a) € w. It 
is easy to see that the above relation o is symmetric. In order to show that the relation @ is 
transitive. Let a,b € R such that (aa°,b°b) € w and (bb°,c°c) € w. Then (b°b,b°b) € w by 
w €C(K). And since the given condition (M5)(i), we have (b°b, bb°) € w. Thus (aa°, °c) € w. 
It implies that the above relation o satisfies transitive. Hence, the relation a is an equivalence. 
We now proceed to prove that o is a congruence on S. 

(i) Suppose that a,b € S \ R such that (a,b) € o if and only if (a,b) € 6. Then we have 
either ac€ S\ Ror ace€ R for any ce S. If ace S\ R then bc € S'\ R since 6 is a congruence 
on Q. This implies that (ac, bc) € 6 and so (ac,bc) € o. If ac € R, then by the definition of 
6, we know that be € R. If c € K, then ac,bc € K. But from (a,b) € 6, for any abe S\R 
and by the condition (M2) of a congruence pair, we can easily observe that (ac°, bc°) € w. As 
w € C(K), we immediately note that (ac°c, be°c) = (ac, bc) = (ac(ac)°, (bc)°bc) € w. This 
shows that (ac, bc) € o whenever c € K. 

It remains to show that (ac, bc) € o when c ¢ K and (a,b) € 6. In fact, if c € Q, then 
((ac)°, (bc)°) € w by the given condition (M3). Thus, by the condition (M1), we have 


(c(ac)°, c(bc)°) Ew. (1) 


Furthermore, we observe that, by Proposition 2.3, ((c(ac)°)°, (c(bc)°)°) € w. Thus, by the 
conditions (M1) and (M2), we have (b(c(ac)°)°, b(c(bc)°)°) € w and (a(c(ac)?)°, b(c(ac)°)°) € w, 
whence (a(c(ac)°)°, b(c(be)°)°) € w. Together with the obtained property (3.1), we obtain that 


(a(c(ac)°)°e(ac)°, b(c(be)°)°c(be)°) = (ac(ac)°, be(be)°) € w. 


By the given condition (M5)(i), we have (ac(ac)°, (bc)°bc) € w. It is trivial to see that (ac, be) € 
w by using condition (2°). 

(ii) Suppose that (aa°,b°b) € w for a,b € R. We now show that (ac, bc) € o for any cE S. 
In fact, by Proposition 2.3, ((aa°)°, (b°b)°) € w. Thus, for any c € S, ((aa®)°c, (b°b)°c) € w by 
the condition (M1) and hence (aa°c, b°bc) € w by assumption. If a € K, then it is trivial to see 
that aa°c = ac and (ac, ac(ac)°) € w. Consequently, (aa°c, ac(ac)°) € w. If a € 06 \ {0}, then 
(aa°c, ac(ac)°) € w by the condition (M4)(i). Also if b € K, then 6°bc = be and (bc, (bc)°bc) € w. 
Consequently, (b°bc, (bc)°bc) € w. If b € 06 \ {0}, then (b°bc, (bc)°bc) € w by the condition 
(M4) (ii). Thus, by the transitivity of congruence w, we may deduce that (ac(ac)°, (bc)°bc) € w. 
This shows that (ac, bc) € w since the condition (2°) is satisfied by the pair (ac, bc). Thus, o is 


a left congruence on S. 
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Likewise, we can show that o is also a right congruence on S and hence o is a congruence 
on S. Furthermore, it is easy to see that Ko = R. 

By using Lemma 3.4, the following theorem for congruence pairs on S' is established. 

Lemma 3.5. Let S be a nil-extension of a Clifford semigroup K by a nil semigroup Q 
and let (6,w) be a congruence pair on S. Then a congruence o given in Lemma 3.4 is a unique 
congruence on S satisfying og = 6 and ox = w. 

Proof. We first show that og = 6. To see that 6 C ag, we let a,b € Q such that (a,b) € 6. 
Then, we have a,b € Q\ R or a,b € 06 \ {0} in Q. If a,b € Q\ R, then (a,b) € og if and only if 
(a,b) € 6 by the definition of o. On the other hand, if a,b € 06 \ {0}, then by the definition of 
a, we have a,b € Ko and so a,b € 0og. This show that 6 C og and so 6 = ag since Ko = R. 

We still need to show that ox =w. For this purpose, we pick a,b € K such that (a,b) € w. 
Then, it is trivial to see that (aa°,b°b) € w. It follows from the definition of o that (a,b) € ox. 
Conversely, if (a,b) € ox for a,b € K, then (a,b) € o. Thereby, (a,b) = (aa°,b°b) € w and 
hence ox = w. Finally, by using the facts given in theorem 3.2, we can observe that the 
congruence o satisfying gg = 6 and ox = w must be unique. 

Summarizing the above results, we obtain the following theorem. 

Theorem 3.6. S' be a nil-extension of a Clifford semigroup K by a nil semigroup Q. Then 
a mapping I: o +> (og,0xK) is an order-preserving bijection from the set of all congruences 


on S onto the set of all congruence pairs on S. 
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Abstract In a recent paper, Zhang and Zhang [1] introduced the concept of sequences of 
numbers with alternate common differences. In this paper, we extend the idea to sequences 
in geometric progression. We also revisit some of the results of Zhang and Zhang to provide 
simpler and shorter forms and proofs in some cases. 

Keywords Sequence of numbers with alternate common differences, periodic sequence with 
two common differences, sequence of numbers with alternate common ratio, periodic sequen- 


ce with two common ratios, the general term and the sum of a sequence of numbers. 


81. Introduction 


In a recent paper, Zhang and Zhang [1] introduced the concept of sequences of numbers 
in arithmetic progression with alternate common differences as well as the periodic sequence 
with two common differences. In this paper, we extend the concept to sequences of numbers 
in geometric progression with alternate common ratios and the periodic sequence with two 
common ratios. In doing so, we revisit the results of Zhang and Zhang [1], in Section 2 and 
Section 4 respectively. We give some of the results and their proofs in simpler forms. In Section 
3, the sequence of numbers with two common ratios is treated. We derive the explicit forms of 
the general term, a,,, and the sum of first n terms S, of the sequence. Section 5 deals with the 


periodic sequence of numbers in geometric progression with two common ratios. 


§2. Sequence of numbers with alternate common 


differences 


The sequence of numbers with alternate common differences, defined by Zhang and Zhang 
[1], is as follows. 

Definition 2.1. A sequence of numbers a, is called one with alternate common differences 
if the following two conditions are satisfied: 

(1) For all k EN, aox — aap-1 = dh; 

(2) For all k EN, aop41 — Gor = do, 
where d, and dz are two fixed numbers, called respectively the first common difference and the 
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second common difference of the sequence. 


Lemma 2.1. Let {a,} be a sequence of numbers with alternate common differences d; 
and dy. Then, for all k > 1, 


Q2k-1 = a, + (k = 1)\(dy + dz), (1) 


agk = a1 + kd, + (k — 1)do. (2) 


Proof. From Definition 2.1, adding the two conditions therein, 


a2i41 — 2-1 = dy + de 


for alli >1. Then, 





k-1 
(aai41 — @ai-1) = (Kk — 1)(d, + da), 
i=1 
that is, Q2k-1 — a, = (k _ 1)(dy + dz), 
so that, A2p—-1 = a + (k—1)(d; + dy), 


Q2k = A2r-1 + dy = a, + kdy + (k _ 1)da. 


Corollary 2.1. Let {a,,} be a sequence of numbers with alternate common differences d1 
and dz. Then, 





Qn = 01 4 [| dy 4 | a 


where [x] denotes the greatest integer less than or equal to a. 


Proof. If n is odd, say, n = 2k — 1 for some integer k > 1, then, 


[AS] =e-1= [§] 





and (1) can be expressed as 








n n—1 
Ggk—1 = Om = a1 + (k — Idi + (k — Ida = a4 4 Ja | | 


And if n is even, say, n = 2k for some integer k > 1, then 


l= [Po*|=#-3 





so that (2) can be rewritten as 








-1 
A2k = On = a, + kd, + (k —1)dg = a1 4 Ace " |e 
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Lemma 2.2. Let {a,} be a sequence of numbers with alternate common differences d; 
and dg, and let {5,,} be the sequence of n — th partial sums. Then, for all k > 1, 


Sor—1 = (2k — 1)a, + (k = 1){kdy + (k = 1)dz}, (3) 


Sor = 2ka, +k {kdy + (k - 1)dg}. (4) 


Proof. By definition, 
k 


2k 
Sor = S- ai = S- (@2;—-1 + aai). 
i=1 


i=1 





k 
Using Lemma 2.1: Sor = > {2a1 t (2% 1)dy t 2(4 1)d2} = 2ka, + kd, + k(k + 1)d2, 
i=1 


so that Son—1 = Sor — a2k = (2k = l)ay + k(k = 1)d, + (k = 1)?do. 
Corollary 2.2. Let {a,,} be a sequence of numbers with alternate common differences d1 


and dg. Then, 
n n+l n—-1 
y= na + [3] (| 5 Ja+| 5} |). 


Proof. If n = 2k — 1 for some integer k > 1, then, 


go E) EA 














so that, from (3), 


Sor-1 = Sn = (2k = l)ay + (k = 1){kdy + (k — 1)d2} 


oR ES4) 


and if n = 2k for some integer k > 1, then, 


El=*= [Pe] [a] -#— 








and from (4), 


Sor =Sn = ka, +k{kd, + (k —1)d9} 
~ w+ 5] a+ A] e), 


§3. Sequence of numbers with alternate common ratios 








The sequence of numbers with alternate common ratios is defined as follows. 
Definition 3.1. A sequence of numbers {a,,} is called one with alternate common ratios 


if the following two conditions are satisfied : 
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(1) For all KEN, Ok 1, 
A2k—-1 

(2) For alk N, Pt = py, 
a 


where r; and rz are two fixed numbers, called respectively the first common ratio and the 
second common ratio of the sequence. 

Lemma 3.1. Let {a,,} be a sequence of numbers with alternate common ratios r; and ro. 
Then, for all k > 1, 

(1) aon—1 = a1(rire)*-; 

(2) aor = ayrkrk-), 

Proof. From Definition 3.1, 





— : =T717T2 
a2k-1 a2k-1 a2k 


Q2k4+1 a2k Q2k4+1 (5) 


for all integer k > 1. Therefore, 


Q2k-1 42k—-3 





| Ww 


° = = k-1 
Qqn-3 Qor-5 3 1 (rira) + (rira) +++ (rire) = (rire), 


so that 


a2k-1 = ai(rir2)*?. 


Then, 


kk-1 
Qgk = T1Q2k-1 = aiT{T> . 


Corollary 3.1. Let {a,} be a sequence of numbers with alternate common ratios r; and 
rg. Then, both the subsequences {a2,-1} and {a2,} are sequences of numbers with common 
ratio rr. 

Proof. From (5), we see that {a2,_1} is in geometric progression with common ratio rrp. 
Again, since 


Q2k4+2 Q2k4+2 G42k+1 
= : = 1172 


a2k Q2k4+1 a2k 








for all integer k > 1, it follows that {a2,,} is also in GP with common ratio ryro. 
Lemma 3.2. Let {a,,} be a sequence of numbers with alternate common ratios r; and ro, 


and let S,, be the sequence of n-th partial sums. Then, for all n > 1, 
a 
(1) Son-1 = ae [1 Shire)” pra = Ce) aie ae 
—T19r2 
_ a1 — n 
2) Saw 7 gg eae) ha) 
Proof. By definition, 


2n—-1 


n n—-1 
Son—-1 = s ay = S Q2i-1 + s a2;- 
i=1 i=1 i=1 
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Using Lemma 3.1, 


n n-1 

(<4 ed 

Son-1 = S ay(r1 12) +5 air 72 
i=1 i=1 


1 = (ry r2)"7! 1=—(ry, r2)"7! 

. (r1 T2) en (ri r2) 
1 = 14 09: 1 —171792 

which gives the desired expression for S2,_; after some algebraic manipulation. 


Then, 


Son = Son-1+ an 
a 
1 —— [1 —(rir2)” +ri{l = (rire) 1 }] + aartrgo! 
— rire 
ay R 
= —— [1 - (nre) ]}(1+11). 
1— rer 
Lemma 3.3. Let {a,,} be a sequence of numbers with alternate common ratios r; and r2 


Co 
with |rjrg| < 1. Then, the infinite series 5> a, is convergent, and 
n=1 


Proof. From Lemma 3.2, both the sequences {$2,-1}7—_, and {S2,}°-, are convergent 
with 
1 + TL 


lim Son-1 = 8, - __ lim Son. 
n— oo 1- T1 72 N—- CO 


§4. Periodic sequence of numbers with two common 


differences 


The periodic sequence of numbers with two common differences has been defined by Zhang 
and Zhang [1] as follows. 

Definition 4.1. A sequence of numbers {a,,} is called periodic with period p and two 
common differences if the following two conditions are satisfied : 

(1) For all k = 1,2,3,---, 

Q(k—1)p+1) &(k—1)p+2)°°* » kp 

is a finite arithmetic progression with common difference dj; 

(2) For all k = 1,2,3,---, 

Qkp+1 = Akp + ds, 

where p > 1 is a fixed integer, and d, and d3 are two fixed numbers. 

Zhang and Zhang [1] found the expressions for a, and S', for this sequence, which are rather 


complicated. We derive the expressions for a, and S,, for this sequence under the assumption 
that 


dz = d, + dg. (6) 


106 A.A.K. Majumdar No. 2 





These are given in Lemma 4.4 and Lemma 4.5 respectively. Note that the assumption (6) is 
not restrictive : Given the numbers d; and d3, we can always find the number dz satisfying the 
condition (6). 

Following Zhang and Zhang [1], we shall say that the terms {a1,a2,...,ap)} belong to the 
1% interval of length p, the terms {ap+1,@p+2,.--,@2p} belong to the 2”¢ interval of length 
p, and so on, and in general, the terms {@(%—1)p+1,@(k—1)p+2)---,@kp} belong to the k — th 
interval of length p. Note that, in each interval, the terms are in arithmetic progression (AP) 
with common difference d,. Thus, in particular, in the k — th interval, 


Qkp = A(k—-1)pt1 + (p _ 1)d,. (7) 


Lemma 4.1. Let {a,,} be a p-periodic sequence of numbers with two common differences 
d, and dz. Then, for all k = 1,2,38,..., 


Qkp = Q1 + (kp = 1)d, + (k = 1)do. 


Proof. The proof is by induction on k . The result is clearly true for k = 1. So, we assume 
the validity of the result for some integer k > 1. Now, 


A(k+1)p = Akp+1 + (p = 1)d,. 


But, 


Akp+1 = Akp + dy + do. 


Therefore, using the induction hypothesis, we get 














Q(k+1)p = (Gkp + dy + do) + (p—1)di 
= ay {(k t 1)p 1}d, t kdo, 


which shows that the result is true for k +1 as well. 
Lemma 4.2. Let {a,,} be a p-periodic sequence of numbers with two common differences 
d, and dz. Let 
(k-1)p+1<<kp 


for some k € {1,2,3,...}. Then, 





Proof. Since (k —1)p+1<¢< kp, it follows that 





ag = Q(k—1)p+1 t [¢ (k 1)p 1] dy. 
But, by Lemma 4.1, 
Q(k—-1)ptt = k-1)p tdi + do 
= ay,t+(k—1)pd, + (k—1)do. 
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Therefore, we finally get 





= ayt+(€—1)d,+ (k—-1)do. 


Lemma 4.3. Let (k-—1)p+1<¢<kp for some k € {1,2,3,---} (p> 2). 





Then, 
£-1 
k= || a, 
Pp 
Proof. From the given inequality, we get 
-—1 
k-1< : , k= . 
Pp Pp 


Since k,p and @ are all (positive) integers, it follows that 


i 


Lemma 4.4. Let {a,} be a p-periodic sequence of numbers with two common differences d 


and dz with p > 2. Then, 
n—-1 


On = ay + (n _ 1)dy + =] dy. 


Proof. follows immediately from Lemma 4.2 and Lemma 4.3. 
Lemma 4.5. Let {a,,} be a p-periodic sequence of numbers with two common differences 
d, and dz with p> 2 , and let {S,,} be the sequence of n — th partial sums. Then, 


Sy = nay + Da [s—] {n £ (|) +1) ba 


Proof. By definition, 
Sn, = S- ay 
i=1 
= i—1 
= fat i= 1)a + [— D |} 








i=l 
n(n — 1) a fi-1 
= “qd d. : 
nay+ 5 it 2D | j | 
n [4-1 
Now, to calculate > |=]. let (k —1)p+1<n< kp for some k € {1,2,3,---}. 
i=1L P 
Then, the sum >> =] can be written as 
i=1 Pp 











Roped 2 _ taal z fed 
iss Pelee a eal 
i OE i=1 j=G—-Dpti + ? a 


To find the above sums, note that 
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an 





for all (i-—1)p+1<j <p. 














Therefore, 
n | k-1 
|] = Sees i- c= nee 
= pREA) + tn—(e-1ypMk-1) 
= n(k—1) — 5 (k —1) 
= (k-1){n—2e} 
Therefore, | ’ 
_ n(n-i1 p 
Sy = nay + “dy + (k 1) {n ok} do. 


We then get the desired result by virtue of Lemma 4.3. 

If p = 1, from Lemma 4.4 and Lemma 4.5, we see that the terms of sequence {a,,} are in 
AP with common difference d; + dz. Also, recall that, if the terms of a sequence {b,,}are in 
AP with common difference d,, then b, = d, + (n — 1)d,, and the sum of first n of its terms is 


(n—1) 


n 
simply na, + d,. These expressions may be compared with those given in Lemma 4.4 


and Lemma 4.5. 


§5. Periodic sequence of numbers with two common ratios 


The periodic sequence of numbers with two common ratios is defined as follows. 

Definition 5.1. A sequence of numbers {a,,} is called periodic with period p and two 
common ratios if the following two conditions are satisfied : 

(1) For all k = 1,2,3,--- , the subsequence 


{Q(k—-1)p+1> U(k—-1)pt-2> +++ kp} 


is a finite geometric progression with common ratio 71; 


(2) For all k= 1,2,3,-0+, “284! ariro, 
akp 
where p > 1 is a fixed integer, and r; and rz are two fixed numbers. 
As in Section 4, the terms {a1,a2,---+ ,a,)} belong to the 1** interval of length p, the terms 
{Qp41,@p+2,°** ;@2p} belong to the 24 interval of length p, and so on, and in general, the 
terms {@(4—1)p415@(k—1)p+2)°** »@kp} belong to the k — th interval of length p. Note that, in 


each interval, the terms are in geometric progression (GP) with common ratio r;. Thus, in 


particular, in the & -th interval, 
Qkp = Gaciypat, (8) 


Lemma 5.1. Let{a,,} be a p-periodic sequence of numbers with two common ratios 71 
and rg. Then, for all k = 1,2,3,---, 
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(1) ap = arf? tek 


(2) Qkp+1 = ayrhPrk, 
Proof. To prove part (1), note that the result is true k = 1. To proceed by induction, we 
assume its validity for some integer k > 1. Now, 


= p—1 
Q(k+1)p = Akp+1"]- 


But 


o] 


Akp+1 = QkpT1T2- 


Therefore, using the induction hypothesis, we get 


= p-1 
Q(k+1)p => (GkpTit2)ry 


(agri? *r8 (rire)? *) 


k+1)p—1 
ars \p rh 


I 


showing the validity of the result for k + 1. 
Now, 


kp-1 


Akp+1 = AkpTir2 = (airy rk—1)(rire) = ayryPrk, 


This establishes part (2) of the lemma. 
Lemma 5.2. Let {a,} be a p-periodic sequence of numbers with two common ratios r; 
and rg. Let 
(kK-l)pt+l<n<kp 


for some k € {1,2,3,---}. Then, 


An = ayrt tet, 


Proof. Since (k —1)p+1<n< kp, it follow that 


n—(k—1)p—1 
An = Q(k—-1)p+11y ° 


But, by part (2) of Lemma 5.1 


(k-1)p,,k-1 
Q(k—-1)p+1 = G11 i) F 


Hence, 


k-1 k-1 n—(k—1)p—-1 —~1_k-1 
an = {arr} Prk pe p =a, >. 


Lemma 5.3. Let {a,} be a p-periodic sequence of numbers with two common ratios 71 
and rg. Let {S,,} be the sequence of n — th partial sums. Let 


(k—l1)pt+l<n<kp 


for some k € {1,2,3,---}. Then, 





1—r? n—(k—1)p— 
S,=— ( a {1— (7frayh} + Pray =e), 
1 


~ Tor 1—rire 
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Proof. By definition, 





n ip n 
~ . ~ 
Sy = > a= . a; + ) Qj. 
i=1 i=1 j=(i-1)pt1 i=(k—-1)p4+1 


Now, note that 
ip 


1- r 
»— aj = 4G—1)pt+1 | ae 





j=(i-1)p+1 
n 1- porns 
a ay = A(k-1)p+1 a re 5. 
i=(k—1)pt1 ss 


the expression for S,, takes the form 


Larne (a jr 
Sn = 1 m (s wap] + Q@(k—-1)p+1 (a ; 


l-r 
i=l 





By part (2) of Lemma 5.1, 
k-1 
1—(rir a 
So ag pp =a Serr) = t= 0 (OR), 


Ll—r?r 
4=1 12 


Therefore, 





l-—r 1 — (r?rg)*-1 page 
Sy = : e | P k-1 ee ’ 
= (=) ( 1l—rire a (rir) 1l-r 


§6. Some remarks 


From the proofs of Corollary 2.1 and Corollary 2.2, we have 


aS] + [F)=0-1 
(S]- $3 [S4]+ (eye 





for any integer n > 1, 


— 





for any integer n > 1, 





for any integer n > 1. 

Therefore, in the particular case when d, = dz = d , say, so that the sequence of numbers 
{a,} forms an AP with common difference d, the expressions of a, and S,, given respectively 
in Corollary 2.1 and Corollary 2.2, take the following forms : 


nr 


2 





Ja a dz = a, +(n—1)d, 


a=a,+| 2 


Vol. 4 Sequences of numbers in generalized arithmetic and geometric progressions 111 


Sn = nay 4 [| (Hla [] 4) sin ya) 








These are well-known results. 

Again, in the particular case when r; = rg = rT, say, the sequence of numbers {a,,} in 
Section 3 forms a GP with common ratio r. In this case, the expressions for S2,_; and S2,,, 
given in Lemma 3.2, can be shown to reduce to the well-known forms. This is done below : 


a1 














Sm-1 = = [1 — (rire)” +11 {1 — (rire)”"*}] 
ay n n— ay Tu 
= ee i=? +r {11% I) =F try —r?*) 
a 2n-1 
= 1 — 
St sh, 
_— 41 _ n = a1 2n i = a1 2n 
Son = i-on (1 — (rire)"| (1 +11) jp r"/\l+r) faa rn). 


The p-periodic sequence of numbers with two common differences d, and dz has been treated in 
Section 4. Our approach is a little bit different from that of Zhang and Zhang [1]; however, to 
get the corresponding results given in Zhang and Zhang, one may put dz = d3 — d, in Lemma 
4.4 and Lemma 4.5. Clearly, in the particular case when dz = 0, the sequence an in Section 4 
becomes one with common difference dj. 

Finally, we observe from Lemma 5.2 and Lemma 5.3 in Section 5 that, the terms of the 
sequence {a,} are in GP with common ratio r; in the particular case when rg = 1 , and they 


are in GP with common ratio r;r2 in the particular case when p = 1. From Lemma 5.3, we see 


co 
that the infinite series 5> a, is convergent when |ri| < 1 and |r2| < 1, in such a case, 


n=1 
co 
ay, 1- fet 
y An = . 
1l-r, \1l- rel T2 
n=1 


co 
It might be interesting to study the behavior of the infinite series 5> a,, when |rir2| < 1. 


n=1 
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Abstract In this paper, we continue studying the properties of (7, y’)-operations on topo- 
logical spaces initiated by J. Umehara, H. Maki and T. Noiri [12] and further investigated by 
S. Hussain and B. Ahmad [5]. 

Keywords 4-closed (open), y-closure, y-regular (open), (7, +’ )-interior, (y,7’)-exterior, (7, 
7) -boundary, (7, +’ )-closure, (7; +’ )-open (closed), (y,/ )-nbd, (7, +’ )-derived set, (7, ~')- 
dense and (¥, + )-dense in itself. 


81. Introduction 


In 1979, S. Kasahara [7] introduced the concept of a-closed graphs of a function. D. S. 
Jankovic [6] defined a-closed sets and studied functions with a-closed graphs. H. Ogata [9] 
introduced the notions of 7-T;,i = 0,1/2,1, 2; (7, 3)- homeomorphism and studied some topo- 
logical properties. B. Ahmad and F. U. Rehman ( [1] , [11] ) defined and investigated several 
properties of y-interior, y-exterior, y-closure and 7-boundary points in topological spaces. They 
also discussed their properties in product spaces and studied the characterizations of (7, 3)- con- 
tinuous mappings initiated by H. Ogata [10]. In 2003, 2005 and 2006, B-Ahmad and S.Hussain 
[2-4] continued studying the properties of 7-operations on topological spaces introduced by S. 
Kasahara [7]. They also defined and discussed several properties of y-nbd, y-nbd base at z, 
y-closed nbd, y-limit point, 7-isolated point, y-convergent point and y*-regular space. They 
further defined y- normal spaces, 7o-compact [4] and established many interesting properties. In 
1992, J. Umeraha, H. Maki and T. Noiri [12]; and in 1994, J. Umehara [13] defined and discussed 
the properties of (7, 7 )-open sets, (7, 7')- closure, (7, ')-generalized closed sets in a space X. 
In 2006, S. Hussain and B. Ahmad [5] continued to discuss the properties of (y, 7’ )-open sets, 
(7,7 )-closure, (7,7 )-generalized closed sets in a space X defined in [12]. 

In this paper, we continue studying properties of (y,7 )- operations on topological spaces. 
Hereafter we shall write spaces in place of topological spaces. 
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§2. Preliminaries 


In order to make this paper self-contained, we give the preliminaries used in the sequel. 

Definition 2.1[10]. Let (X,7) be a space. An operation y: 7 — P(X) is a function from 
T to the power set of X such that V C V7 , for each V € 7, where V7 denotes the value of 7 
at V. The operations defined by 7(G) = G, y(G) = cl(G) and 7(G) = int(cl(G)) are examples 
of operation ¥. 

Definition 2.2[10]. Let A C X. A point a € A is said to be a 9-interior point of A, if 
there exists an open nbd N of a such that NY C A. We denote the set of all such points by 
int,(A).Thus 
im,(A)={reAizeN er and NYC A} CA, 

Note that A is y-open [10] iff A = int,(A). A set A is called y- closed [10] iff X — A is 
7-open. 

Definition 2.3[10]. An operation y on 7 is said to be regular, if for any open nbds U,V 
of « € X, there exists an open nbd W of x such that UY N V7 DW”. 

Definition 2.4[10]. An operation ¥ on 7 is said to be open, if for any open nbd U of each 
a € X, there exists an y-open set B such that « € B and U7 3D B. 

Definition 2.5[5]. Let A be a subset of X. A point x € A is said to be (7,7 )-interior 

point of A iff there exist open nbds U and V of x such that UY U vy CA. 
We define the set of all such points as (7,7 )- interior of A and is denoted as by int ’)(A). 
Thus int, (A) = {ee A: ce€U, 2EV,U,V er and UTUV? CAPCA. 
If A C B, then int, (A) © int), ,/)(B). 

Definition 2.6[12]. A subset A of (X,7) is said to be a (y, 7 )-open set iff int, 

Note that the class of all (7,7 )-open sets of (X,7) is denoted by Feast): 





(A) = A. 


17’) 


§3. Properties of bi y-operations 


Definition 3.1. Let X be a space and «x € X. Thena (7,7 )-nbd of x is a set U 
which contains a (7,7 )-open set V containing x. Evidently, a set U is a (y,7)-nbd of « if 
x € int’, ..)(U). The class of all (y,7 )-nbds of x is called the (7,7 )-nbd system at x and is 
denoted by U;. 

Theorem 3.1. The (y,7 )-nbd system U; at x in a space X has the following properties: 
(1) If U € Uz, then x EU. 

(2) If U,V € U,, then UNV € U,, where y and 7’ are regular operations. 

(3) If U € Uz, then there is a V € U; such that U € Uy, then each y € V. 

(4) If U € U, and U CV, then V € U, 

(5)(a) If U C X is (7,7 )-open, then U contains a (7,7 )-nbd of each of its points. 

(b)If U contains a (7,7 )-nbd of each of its points, then U is (7, )-open, provided y and 7 
are regular. 

Proof. (1) is obvious. 

(2)IfU,VeE Us, then x € int:,..)(U) and x € int, ,)(V) imply a € int), (U) int), (VV). 
Since 7 and y are regular operations, therefore x € int/, ,, (UNV). This implies UNV € Uz. 
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(3) Let U € U,. Take V = int: ,,)(U). Then each y € V gives y € int, .,)(U) and therefore 

CEU, 

(4) If U € Uz, then x € int. .(U). If U C V, then int), (U) € int, (V) gives x € 

int y')(V). Hence V € Uz. 

(5) (a) If U is (7,7 )-open, then U = int’, y')(U) and therefore U is a (7,7 )-nbd of each of its 

points. 

(b) If « € U has a (7,7 )-nbd V; C U, then U = int(,,4')( UVa) is union of (7,77 )-open sets 
re 


and therefore is (y,7 )-open. This completes the proof. 
Combining 5(a) and 5(b) of the Theorem 3.1, we have 

Proposition 3.1. A set U CX is (y,7)-open iff U contains a (y,7 )-nbd of each of its 
points, where y and on are regular operations. 

Definition 3.2. A (7,7')-nbd base at x in a space X is a subcollection @, taken from 
(7, 7 )-nbd system U, having the property that U € U, contains some 
V € B,. That is U, must be determined by (3, as 


Uz, ={U CX/V CU for some V € fr}. 


Then each U € 3, is called a basic (7,7 )-nbd of x. 

Example 3.1. In any space X, the (y,7')-open nbds of x form a (7,7 )-nbd base at 2, 
since for any (7,7 )-nbd U of int’, /)(U) is also a (¥, y')-nbd of a. 

Example 3.2. If X is the discrete space, then each a € X has a (y,7 )-nbd base consisting 
of a single set, namely {x}, that is, U, = {{a}}. 

Theorem 3.2. Let X be a space and for each x € X, let G, bea (7,7 )-nbd base at x. 
Then 
(1) If V € 6,, then x EV. 

(2) If Vi, V2 € Ge, then there is some V3 € Gy such that V3 C Vj NV2, where y and 7 are regular 
operations. 

(3) If V € G,, then there is some V3 € G, such that y € V, then there is some W € (3, with 
WCYV. 

(4) (a) If U CX is (7,7’)-open, then U contains a basic (7,7 )-nbd of each of its points. 

(b) If U contains a basic (7, 7 )-nbd of each of its points, then U is (4, 7 )-open provided y and 
an are regular operations. 

Proof. Follows from Theorem 3.1. 

Definition 3.3[12]. A point x € X is called a (y,7)-closure point of A C X, if (UYU 
v7) 1A #9, for any open nbds U and V of x. The set of all (7,77 )-closure points is called 
the (7,7 )-closure of A and is denoted by ely) (A). 

Note that cle") 
X is called (7,7 )-closed, if cl; 


(A) is contained in every (y,7¥ )-closed superset of A. Clearly, a subset A of 
47 (A) & A. ; 

Theorem 3.3. Let X be a space. Suppose a (y,7 )-nbd base has been fixed at each 
x é€xX. Then 
(1) V CX is (7,7)-closed iff each point 2 ¢ V has a basic (7,7 )-nbd disjoint from V. 
2) cl. 4.)\(E) = {a € X: each basic WY -nbd of « meets E}. 

(7) 
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(3) int(,4")(E) = {@ € X: each basic (7, 7')-nbd of « contained in E}. 
(4) bd, ')(E) = {x € X: each basic (y,7 )-nbd of # meets both E and X — E}. 

Proof. (1) Follows from Theorem 3.1 (5). 

(2) We know that el... (2) =A CX: K is(y,7 )-closed and E C K} Suppose 
some (7,7 )-nbd U of « does not meet E, then x € inti, (U) and EC X — int, (UV). 
Since X — int), ./\(U) is (y,7 )-closed, therefore ely (EB) © X — int: .”)(U)[5]. Hence 
& € cli, ./)(E). 


Conversely, if « € cl, (#), then X-cl), ..)(E) is a (y,7)-open set containing x and 


hence containing a basic (na nba of x, which does not meet E. This completes the proof. 

(3) This follows from (2) by an application of De Morgan’s Laws on int), ..\(B) = X 
-el., /)(E) [5]. 

(4) Follows from Theorem 3.1 (5) and the definition of bd, ,)(£). This completes the 
proof. 

Definition 3.4. A space X is said to be a (7, ¥)-T; space, if for any two distinct points 
x,y of X there exist open sets U and V containing x and y respectively such that y ¢ U7 and 
x¢ vr. 

Theorem 3.4. A space X is a (1, ¥)-Ty space iff each singleton in X is (4, 7 )-closed. 

Proof. Let X be a (y,7)-T; space. We show that each singleton {x} is (y,7¥ )-closed. 
For this, we show that its complement X — {x} is (y,7)-open. Let y € X — {x}, y # «, then 
there exist sets U and V containing x and y respectively such that y ¢ U7 and x ¢ V7. So 
x€U7,y¢éU andy€e€ V7,a ¢ V7. This implies that y € UYU vy CX — {x}. So, X — {x} 
is (y,7 )-open. Hence {2} is (7,7 )-closed. 

Conversely, suppose that {2} is (7,7)-closed. We show that X is a (7,7 )-T space. Let 
a,y € X,2 # y. Then X — {x}, X — {y} are (y,7)-open in X. Thus x € X — {y} and 
y € X — {x} such that x ¢ (X — {x})7 and y ¢ (X — {y})”. This completes the proof 

Theorem 3.5. A space X is (7,7 )-T1 iff every finite subset of X is (7,7 )-closed, where 
yand on are regular operations. 

Proof. Suppose that X is a (7,7 )-Th space. Then by above Theorem 3.4, one point 
subsets of X are (7, 7 )-closed. Since y and ¥’ are regular operations, so every finite subset of 
X, being a union of a finite number of (7,7 )-closed sets, is (7,7 )-closed. 

Conversely, suppose that every finite subset of X is (7,7 )-closed. Then every one point 
subset of X is (7,7 )-closed. Hence X is a (7,7 )-T space. This completes the proof. 

Theorem 3.6. In a (y,7 )-T; space, each subset A of X is the intersection of its (7,7 )- 
open supersets, where y and “ are regular operations. 

Proof. Since in a (y,7)-Ti space, each finite subset A of X is (7,7 )-closed, where 
y and 4! are regular operations. Since each singleton of X is (7,7 )-closed, therefore each 
y € X—A, X — {y} is (7, 7')-open and A C X —{y}. So that X — {y} is a (7,7 )-open superset 


of A. Since for each « € A,x € X —{y}, A= [) (X — {y}). This completes the proof. 
ZEA 


Definition 3.5. Let X be a space and « € X. Then 2 is called a (y,¥ )-limit point of A, 
if (UYU V7) (A —{2x}) #0, where U,V are open sets in X. 

Definition 3.6[4]. An operation y : T — P(X) is said to be strictly regular, if for any 
open nbds U,V of x € X, there exists an open nbd W of x such that U7 V7? = W7. 
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Theorem 3.7. Let X be a (7,7 )-T) space and A C X. If X is a (7,7 )-limit point of A, 
then every (7,7 )-open set containing x contains infinite number of distinct points of A, where 
y and 7’ are strictly regular operations. 

Proof. Let U,W be (7,7 )-open sets and « € U and x € W. Suppose U as well as W 
contains only a finite number of distinct points of A. Then 
UN A= {a1,¥2,-++tn} = Bi, 

WNA= {y1,Y2,°°' Yn} = Bo. 
Clearly By, is (7,77 )-closed implies (B1) is (y, 7 )-open ,Where (B,) denotes the complement 
of B, and hence open . Similarly UN 7 is (y,y )-open and hence open. But UN(B,)' contains 


x and 


(U7N (Bi) 7M A 

(U7. A)N (Bi) )7.A) C (UNA) (By) 1A) 
= B,N((Bi) NA) 

= (B,N(Bi))NA=O0NA=0. 


(UN (Bi) INA 


Also Bz is (7,7 )-closed implies (Bz) is (y,7)-open and hence open. So WM (Bz) contains 
x. Similarly (WO (B2))7 NA=0. 
Thus ((U M (By) )7N A) U ((W 9 (Bz) )? MN A) = 9. This implies that 


(Un (Bi) )7 U((W (Bs) 7 )N A= 


This shows that x is not a (y,7 )-limit point of A, a contradiction. Thus U as well as W 
contains infinite number of distinct points of A. This completes the proof. 

Corollary 3.1. Ina (4, + )-Ty space no finite subset has a (7, 7 )-limit point, where y and 
an are strictly regular operations. 


Definition 3.7. The set of a (7,7 )-limit point of A, denoted Aé is called (y,7¥ )- 


(1.7') 
derived set. It is easily seen that if A C B then 
d d 
Als at) = Foy ; ; ) 
Theorem 3.8. In a (7,7 )-Ti space the (7,7 )-derived set has the following properties: 
d 
(1) ele 4/)(A) = Se : 
(2 (AU mi, = AG, ”) U Be, y)" In general 
(8) UAE, a = WADE, 
C \(A¢ Von =" Cry 
oe WAG )) ~ Aly 


piuet tl ) Let x € cl, .)(A). Then x € C, for every (7, 7')-closed superset C of A. Now 
(i) If ae A, then x € AC a)? 


ii) If 2 ¢ A, then we ee that « € AU AL To prove (ii), suppose U and W are open 
Vy 


sets containing x. Then (U7 U wr \nA=9, for otherwise A C X — (U7 W7 ) = C, where 
C is a (7,7 )-closed superset of A not containing x. This contradicts the fact that x belongs to 


gives r € AU A? 


every (7,  )-closed superset C' of A. Therefore x € At, ary" 


7) 
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Conversely, suppose that x € AU AG, 
zeécl, (A). fee Abra! y 
suppose otherwise that there are (7, 7 is closed supersets C1 and C2 of A not containing xz. Then 
re X—-Cy =U andre X—-Cy ayy which are (,Y rs open and U7N A= 90, wr NA=o. 
So (U7N A)U(W7 NA) =O => (UTUWT)NAZ= 0. This implies that x € AC, yy" This 
contradiction proves that x € cl,,./)(A). Consequently cl, ./)(A) = AU At, y')" This proves 
(1): 

d 

(2) (AUB). \S Aly a SBE, yy: Let a € (AUB)C ): Then z € el... (AUB) —{z} ot 

ge chy, 1 (A—{z})Udl 7 )(B—{z}), implies x € ely, ,»)(A—{z}) or z € ely, .1)(B—-{z}). This 


yy > we show that x € cl, ,/)(A). If a € A, then 


then we le that « is in every (7,7 )-closed superset of A. We 


gives x © AC ,,or 2 € Bt , . Therefore x € AC UB ,.. This we A UB)? c 
(v7 oy) (Y, oi] > WY ") (7, y) a 7 ") 
Aon! wy Be aly! The converse follows directly ma Cy, 


(3) The proof is immediate from (*). 
(4) Suppose that x ¢ Aen?) Then x ¢ cl, ./)(A—{2}). This implies that there are open 


sets U and V such that « € U and x € V and (U7U VY)n N(A— {x}) =0. We ale that « ¢ 


(AG ena’) * Suppose on the oneey that x € (AG, 4 Oy, yy" Then x € cl, (At y{e})- 
Since « € U and x € V, so (U7U vy yn (Aly) —{x}) #@. Therefore there is a q oe x such 
that q € ue UV7)N (AC, aly It follows that g € ((U7U vy )—{a})n (A? Guy’) —{zx}). Hence 
((UYUV \—{ax})n (AC —{x}) #0, acontradiction to the fact that (UTUVT \N(A—{x}) = 0. 
This implies that x ¢ (ae en’) and so (AC, a ony HS Aone! : 


(5) This is a consequence of (1), (2) and (4). This completes the proof. 
Definition 3.8. Let A be a subset of a space X and AL, the set of all (y,7¥ )-limit 


(117) 
points of A. If AC AG, 4) then A is called (7, 7')-dense in itself. 


In a (7,7’)-T1 space, set (7,7 )-dense in itself has the following properties: 

Theorem 3.9. (1) If {A;} is an arbitrary family of subsets of a (y,y )-T space X (7,7 )- 
dense in themselves, then U Aj © (U Aj ty, y) that is, L) A; is (7, 7’ )-dense in itself. 
(2) (i) For any subset ‘A of X, 


d = d d d d d _ d 
aa = fo +O) 2 Ait Aah) Ga =a ak ea 
or (clay (A), WV) CAC ) GAUAT v) = ely, (A) 

(ii) For any subset 7 of i if A . (Aye ) then cl, (A) © (heyy) (ANG ar): 


(3) If A is (7,7 )-closed and (7,7 )-dense in itself and B does not contain a subset P which 
is (y,7 )-dense in itself, then each (7, )-T; space X is the union of sets A and B. 

Proof. (1) Suppose {A;} is a family of subsets of a (7,7 )-T; space X such that each A; 
is (7,7 )-dense in itself. Then A; C (Ai)¢, . By Theorem 3.8 (3), 


) 
UAiS U (AiG, “ae (Ud, yy! This proves (1). 
(2) (i) By Thee 3.8 ( 1, 2 and 4), we infer that 
d d d d d 
(ley se 11) ae 4 ao a ra’y £ Gay Y AG Gry £ Aer) Y AG) = AG 
or (cl, (A Dow § 7,7’) CAU AG, 7) = Cla "(AD 
or (cley (ANE, 9) € - (4): 


; i) ‘Since AG a (y,7')(A), therefore AG!) C (cleyy/ (ANE 4"): Now 
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Ad 


a= d 
cl’) (A) = AUA (1,7) 


va) 
This proves (2). 
(3) Let A = J Aj, for each A; (7,7 )-dense in itself. Then by Theorem 3.9 (1), A is 


C (ale, 44 (Ae 


aie ee cli ')(A) € (el 


d 
(1,7) cn VAN yy"): 


(y,7)-dense in itself. By Theorem 3.9 (2) (ii), eli ')(A) is (7,7 )-dense in themselves and 
hence ely (A) C A. That is, A is (7,7 )-closed. Clearly the set X — A = B, being disjoint 
from A, does not contain nonempty sets which are (7,7 )-dense in themselves. This completes 
the proof. 

Combining 2(i) and 2 (ii) in the above Theorem, we have: 


Proposition 3.2. If AC (A)? _,,, then ely (A) = (cl 


d 
(1,7) ) (A)) 


(v7 (wy) 
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Abstract In reference [2], we used the elementary method to study the mean value prop- 
erties of a new arithmetical function, and obtained two mean value formulae for it, but there 
exist some errors in that paper. The main purpose of this paper is to correct the errors in 


reference [2], and give two correct conclusions. 


Keywords Smarandache multiplicative function, mean value, asymptotic formula. 


81. Introduction 


For any positive integer n, we call an arithmetical function f(n) as the Smarandache 
multiplicative function if for any positive integers m and n with (m, n) = 1, we have f(mn) = 
max{f(m), f(n)}. For example, the Smarandache function S(n) and the Smarandache LCM 
function SZ(n) both are Smarandache multiplicative functions. In reference [2], we defined a 
new Smarandache multiplicative function f(n) as follows: f(1) = 1; If n > 1, then f(n) = 





max { }, where n = pf ps? ---pp* be the factorization of n into prime powers. Then we 
1<i<k ay + 


studied the mean value properties of f(n), and proved two asymptotic formulae: 





Y fn) = 5-2-ming +-2+0(~), (1) 
n<ax 


where A is a computable constant. 





1 _ 16) Inna +d O(«3 2 
= f(n) 5 36° Gay Yet Jat (3), (2) 
where ¢(s) is the Riemann zeta-function, and d is a computable constant. 
But now, we found that the methods and results in reference [2] are wrong, so the formulae 
(1) and (2) are not correct. In this paper, we shall improve the errors in reference [2], and 
obtain two correct conclusions. That is, we shall prove the following: 


Theorem 1. For any real number zx > 1, we have the asymptotic formula 


X f(n) = 5-2 +0(z8). 


n<u 
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Theorem 2. For any real number x > 1, we have the asymptotic formula 


2. (410) 5) =a -Ye+0(z4), 


n<u 





where ¢(n) is the Riemann zeta-function. 


§2. Proof of the theorems 


In this section, we shall using the elementary and the analytic methods to prove our 
Theorems. First we give following two simple Lemmas: 

Lemma 1. Let A denotes the set of all square-full numbers. Then for any real number 
x > 1, we have the asymptotic formula 





Cie). 2 6a), 1 
Sia Dod a) 98 O(c), 


n<ux 
neA 


where ¢(s) is the Riemann zeta-function. 


Lemma 2. Let B denotes the set of all cubic-full numbers. Then for any real number 


S1=N-23 +0(a*), 


n<ux 
neB 


x > 1, we have 


where N is a computable constant. 

Proof. The proof of these two Lemmas can be found in reference [3]. 

Now we use these two simple Lemmas to complete the proof of our Theorems. In fact, for 
any positive integer n > 1, from the definition of f(m) we have 


Df) = FY + VFO) + VFO, (3) 
= 7 neB 


where A denotes the set of all square-full numbers. That is, n > 1, and for any prime p, if p | n, 
then p? | n. B denotes the set of all positive integers n > 1 with n ¢ A. Note that f(n) <1, 
from the definition of A and Lemma 1 we have 


> fn) = 0 (28). (4) 


n<ux 
neA 








. 1 ~ 1 ~ 1 
De) = 22, 


na n<a n<a n<a 
neB neB neEA 
1 
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Now combining (3), (4) and (5) we may immediately get 


Yofm) = 14 >> f+ >> fm) 


n<a nx n<a 
neA neEB 
1 Fi 
= 3 “@ + O (x?) ‘ 


This proves Theorem 1. 
Now we prove Theorem 2. From the definition of f(n) and the properties of square-full 


(410) - al +¥ (re)- ) 


numbers we have 


M 
“_o™~ 
a 
= 
| 
1 NO el 
Sn” 

iN) 
II 
BIR 
+ 
M 


n<ax n<u n<u 
neA ngA 
1 oe 
= 7+ (1-5) , (6) 
n<ux 
neA 


where A also denotes the set of all square-full numbers. Let C denotes the set of all cubic-full 


numbers. Then from the properties of square-full numbers, Lemma 1 and Lemma 2 we have 


i? t 1\* 1\" 
© (1-3) - = (5-5) +O (1-3) 
neA neA, f(n)=4 nec 





- o(}-2)-r(f-}) +0/yn 





n<u n<ux n<u 
neA nec nec 
_ SG) 3 : 
(3) x? +O (« ) (7) 


where ¢(s) is the Riemann zeta-function. 


Now combining (6) and (7) we have the asymptotic formula 


2 3 : : 
S- (s10) - 5) = a a3 +0(«4) 


n<u 





This completes the proof of Theorem 2. 
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Abstract In this paper, we use the elementary method to study the properties of the Smaran- 
dache multiplicative sequence, and proved that some infinite series involving the Smarandache 


multiplicative sequence are convergent. 
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§1. Introduction and result 


For any positive integer m > 2, let 1 < di < dz < --- < dm are m positive integers, then 
we define the Smarandache multiplicative sequence A,, as: If dj, dg, --- , dm are the first 
m, terms of the sequence A,,, then dy, > dy_1, for k > m+ 1, is the smallest number equal 
to dj) - dj?---d°», where a; > 1 for alli = 1, 2, --- , m. For example, the Smarandache 


multiplicative sequence Ag ( generated by digits 2, 3) is: 
2, 3, 6, 12, 18, 24, 36, 48, 54, 72, 96, 108, 144, 162, 192, 216, ------ 
The Smarandache multiplicative sequence A3 ( generated by digits 2, 3, 7 ) is: 
2, 3, 7, 42, 84, 126, 168, 252, 294, 336, 378, 504, 588, 672, ------ : 
The Smarandache multiplicative sequence A, ( generated by digits 2, 3, 5, 7 ) is: 
2, 3, 5, 7, 210, 420, 630, 840, 1050, 1260, 1470, 1680, 1890, 2100, ------ : 


In the book “Sequences of Numbers Involved Unsolved Problems” , Professor F.Smarandache 
introduced many sequences, functions and unsolved problems, one of them is the Smarandache 
multiplicative sequence, and he also asked us to study the properties of this sequence. About 
this problem, it seems that none had studied it yet, at least we have not seen any related 
papers before. The problem is interesting, because there are close relationship between the 
Smarandache multiplicative sequence and the geometric series. In this paper, we shall use 
the elementary method to study the convergent properties of some infinite series involving the 
Smarandache multiplicative sequence, and get some interesting results. For convenience, we 
use the symbol a,,(n) denotes the n-th term of the Smarandache multiplicative sequence Aj. 
The main purpose of this paper is to study the convergent properties of the infinite series 


— (1) 


2 en)’ 
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and prove the following: 

Theorem. For any positive integer m > 2, let 1 < dj < dg <-:: < dm are m positive 
integers, and A,,, denotes the Smarandache multiplicative sequence generated by dj, do, ---, 
dm. Then for any real number s < 0, the infinite series (1) is divergent; For any real number 
s > 0, the series (1) is convergent, and 


“i m1 al 
ae lWlagat ye 


From our Theorem we may immediately deduce the following two corollaries: 





Corollary 1. Let Az be the Smarandache multiplicative sequence generated by 2 and 3, 


al 4 
ea 


n=1 a2 (n) 


then we have the identity 





Corollary 2. Let A3 be the Smarandache multiplicative sequence generated by 3, 4 and 
5, then we have the identity 


co 


1 13 
> (n) 20° 


a 
n=1 3 





Similarly, we can also introduce another sequence called the Smarandache additive sequence 
as follows: Let 1 < d, < dz <--- < d,» are m positive integers, then we define the Smarandache 
additive sequence D,, as: If dj, dz, --- , dm are the first m terms of the sequence D,,, then 
dy > dx_—1, for k > m +1, is the smallest number equal to a, - d; + ag: dg+----:: + am -dm, 
where a; > 1 for alli =1, 2, --- , m. It is clear that this sequence has the close relationship 
with the coefficients of the power series (2% + 22 +---+a% <1) 








oO dy dz dm 
dj as dm\™ UPL Pe +a 
eee Xv =. . 
‘yy (x eae + ) 1 — gti — xe .e. — gdm 
n=1 


For example, the Smarandache additive sequence D2 ( generated by digits 3, 5 ) is: 
3, 5, 8, 11, 13, 14, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, ------ 


It is an interesting problem to study the properties of the Smarandache additive sequence. 


§2. Proof of the theorem 


In this section, we shall prove our Theorem directly. First note that for any positive integer 
k >m, we have 
Omn(K) = dg? - dg? «dm 


m ? 











where a; >1,i=1, 2,---,m. So for any real number s > 1, we have 
4 as,(n) » ay, (7) p> Ps 2 (do . do? ...dam)5 








II 
M: 
5) 

= 
i 


i 
pan 
3° 
— 
SS 


(E2) (Es) (Es) 


ay=1 a2=1 Am=1 
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a 











It is clear that for any real number s < 0, the series S- qa is divergent, and for any real 
i=l * 
Es a 
: ie 
number s > 0, the series S- qas 38 convergent, and more 
ay=l1 a 
a we 1 


aj=l 4 


ae 
So from (2) we know that the series ye — is also convergent, and 





<= Ginn) 
it oe 7 et 
~a@ leat ae 


This completes the proof of our Theorem. 
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